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ABSTRACT

This project 1s concerned with a recently introduced graph (I') invariant, namely

the Sombor coindex is defined by SOC(I) = Yy e Jdl W)? + dT' (V)2

where dI'(u) is the degree of vertex u in I'. We determine the Sombor coindex

of conjugacy class graph of some finite groups such as D,,,, SDg,, and Tj,,.
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INTRODUCTION

Graph Theory is a well-known area of discrete mathematics which deals with
the study of graphs. A graph may be considered as a mathematical structure that
is used for modelling the pairwise relations between objects. In (Bertram,
Herzong and Mann 1990), Bertram introduced a new graph related to the
conjugacy class. The vertices of this graph are non-central conjugacy classes
Suppose G is a finite group and I' denotes a simple undirected graph. A
conjugacy class is an equivalence relation, in which the group is partitioned into
disjoint equivalence classes. The conjugate graph is a graph whose vertices are
non-central elements of G in which two vertices are adjacent if they are
conjugate. The conjugacy class graph is a graph whose vertices are non-central
conjugacy classes of a group G in which two vertices are connected if their
cardinalities are not coprime.

The study of the mathematical aspects of the degree-based graph invariants (also
known as topological indices) is considered to be one of the very active research
areas within the field of chemical graph theory. Recently, the mathematical
chemist Ivan Gutman, one of the pioneers of chemical graph theory, proposed a
geometric approach to interpret degree-based graph invariants and based on this
approach, he devised three new graph invariants; namely the Sombor coindex,
the reduced Sombor coindex and the average Sombor coindex. The Sombor
coindex, being the simplest one among the aforementioned three invariants, has
attracted a significant attention from researchers within a very short time
(e.g[2,7,8,9,15]) (Igor Milovanovic 2021). The Sombor coindex has received a
lot of attention within mathematics and chemistry. For example, the chemical

applicability of the Sombor coindex, especially the predictive and discriminative
potentials.
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This project consists of four chapters. In the first chapter, we give some
necessary background about groups and graphs. In the second chapter, we find
the sombor coindex of conjugacy class graph of dihedral group D,,,. In the third
chapter, we find the sombor coindex of conjugacy class graph of quasi dihedral
group SDg,,. In the fourth chapter, we find the sombor coindex of conjugacy

class graph of dicyclic group Tj,,.
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CHAPTER ONE

Backgrounds

Definition1.1 (Dummit & Foote , 2003): A group (G,*) is a set G, together

with a binary operation *on G, such that the following axioms are satisfied:

I-The binary operation is associative.

II-There is an element e in G such that x * e= e * x= x for all x € G, (the

element eis an identity element for * on G).

I1I- For each ain G, there is an element a~! in G with the property that a *

-1 _

a~l =a1+a=e (the element a™?!

is an inverse of a with respect to *).
Definition1.2 (JAMES & LIEBECK, 2001): Let x,y € G. We say thatxisa
conjugate toyinGif y= g l* x* g forg € G.

Definition1.3 (JAMES & LIEBECK, 2001): Let G=D,,, the dihedral group of

order 2n. Then, G=(r,s:r™* =s? = 1,s lrs = r~1)

Definition1.4 (ALI & REZA, 2020): Let G=SDg,,, the quasi_dihedral group of

order 8n. Then, G=(r, s:r*"* = s? = 1,srs = r?"1)
Definition1.5 (JAMES & LIEBECK, 2001): Let G=T,,,, the dicyclic group of

order 4n. Then, G=(r,s :«r?*" = 1,7 = s?,s Irs =r~1)

Definition1.6 (Bogopolski, 2008): A group G is finite if G contains only finitely

many elements

Definition1.7 (Dummit & Foote , 2003): If a,b € Z — { 0 }, there exist a
unique positive integer d, called the greatest common divisor of a and b,

satisfying:



(a)d|aand d|b (so dis the common divisor of a and b), and

(b)Ife|aande|b, then e | d (so d is the greatest such divisor).

Definition1.8 (Dummit & Foote , 2003): The center of a group (G,*), denoted
by cent(G) or Z(G) isthe set cent(G) ={c €G:c*x = x*c forallx €
G}.

Definition1.9 (DEQO, 1974): A Graph I"' = (V, E) consists of a set of objects V =
{vl, v2, ...} called vertices, and another set E = {el, e2, ...}, whose elements
are called edges, such that each edge ey, is identified with an unordered pair

(vi,v;) of vertices

Definition1.10 (Ray, 2013): A Complete graph is a simple graph in which pair

of distinct vertices is joined by an edge.

Definition1.11 (Chinglensana & Mawiong, 2021): Let I be a graph. Then the
Sombor coindex of I', denoted by SOC(I'), is defined by

SOC(I) = Tuvery VAT (W)? + d I'(v)?
Theorem1.12 (JAMES & LIEBECK, 2001): The dihedral group D,,, (n odd)
has precisely% (n + 3) conjugacy classes:

W™ {r(n_l)/z’ r—(n—l)/z} s, rs,...,r" b},

Theorem1.13 (JAMES & LIEBECK, 2001): The dihedral group D,,, (n even,
n=2m) has precisely (m + 3) conjugacy

classes:{1}, {r™}, {r,r~1}, ..., {rm=1, r—m+1},



CHAPTER TWO

The Sombor Coindex of the Conjugacy Class Graph of the
dihedral group D,,

In this chapter we compute the Sombor coindex of conjugacy class graph of
dihedral group D,,, .

Recall that the dihedral group D,,, of order 2n is defined by the presentation
D,, =(r,sr"=5s?2=1,s"rs =r 1) and
1 if nisodd

Z(D,,) = n
(D2n) {1,1‘2} if niseven

Theorem2.1: Let '=D,,, be a conjugacy class graph of D,,,. If n is odd. Then,
[=Kan-1 U K;.

2

Proof: By Theoreml.12, D,, has nTH noncentral conjugacy classes such that

— conjugacy classes have size 2 and only one conjugacy class is of size n.
ThenT = Kn-1 U Kj.

2

Theorem?2.2: Let I' = D,,, be a conjugacy class graph of Dy, If n is odd, then,

(n—1)(n—3)

soc(r) = 2

Proof: By Theorem 2.1, I'= Kx-1) U Kj. So, there are nT_l off-edges each has

2

one end-vertex of degree nT—s and the other end-vertex of degree zero. Thus,

soc(r) === ("—‘3)2 + 02

2

_ (n-1)(n-3)
- 4



Example2.3: If n = 11, then D, 4

1817, r8,rr10 s, sr,sr?, sr3, sr, sr°, sré sr7,sr8, sr srif}

Cl = {rrrlo} C2 = {r21r9} C3 = {7,.3,7,.8} C4— = {7"4,7"7} CS = {7,.5,7.6}

={1,r,v%7r3r4r

Cs = {s,sr,sr?,sr3,sr* sr5, sr° sr’7,sr8, sro sri®}

Solution: SOC(D, ;) = w
_ 11-1a1-3)
= 4

_ a0®)
4

=20

Figure 1:conjugacy class graph of D,

Theorem2.4: Let I' = I'(D,,,) be a conjugacy class graph of Dy,. If n = 2m,
then

. {Kmﬂ if 2|m
K, UK, if2tm

Proof: There are two cases for m to consider.
Casel: If n = 2m, m is even has (im + 1) noncentral conjugacy classes such

that (m — 1) conjugacy classes have size and only two conjugacy class has size

m. ThenT' = K,,, ;.



Case2: If n = 2m, m is odd, there are (m + 1) noncentral conjugacy classes of

D,,, for which m — 1 classes size 2 and two classes have size m.therefore,
['= Km—l U Kz.

Theorem2.5: Let '=I'(D,,,) be a conjugacy class graph of Dy,. If n=2m, then

SOC (T = 0 if 2m
()_{Z(m—Z)\/mZ—4m+5 if 24m

Proof: There are two cases for m to consider
Casel: If 2lm, then I' = K,,,,; and then SOC (I") = 0

Case2: If 24 m, then there are 2(m — 1) off edeges each has one end_vertex of

degree m—2 and the other end vertex one. Thus,

SOC(I") = 2(m — 1){/12 + (m — 2)2

=2(m—-1V1+m2— 4m+4

=2(m—1)Vm?2—4m+5

Example2.6: If n=8, then
Dyo={1,7, 72,73, 74,715, 78,17, 5,57, 512, sr3sr%, 51>, 57, 577}

c={r, 77} ,={r?,r®} c={r3,r°} ¢, ={s,sr? sr* sr®}
cs = {sr,sr3,sr> sr’}

Solution: SOC(D,g) =0



Figure 2:conjugacy class graph of D, g

Example2.7: If n = 10, then

Dyio={1,7,7%,13,r% 7>, v, r7,r8 1%, s, 51,512, 513,514, 515, 57,5717, 518, 57°}
(.0 (2 .8 (3.7 (4 6
c;={r, v’} C=r*, %} o3 ={r>r’} ¢, ={r*r°}

cs={sr,sr3,sr>, sr’,sr’} ce={s, sr?, sr*, sr® sr8}

Solution: SOC(I") = 2(m — 1)Vvm2 —4m +5

SOC(Dyq9) = 2(5—1)4/52 —4(5) + 5
=2(4)V25-20+5
=810




©—¢o

Figure 3: conjugacy class graph of D, 1,



CHAPTER THREE

The Sombor Coindex of the Conjugacy Class Graph of the quasi_
dihedral group SDg,,

In this chapter we compute the Sombor coindex of conjugacy class graph of
quasi-dihedral group SDg,, .

Recall that the quasi-dihedral group SDg,, of order 8n is defined by the
presentation SDg,, = (1, s: 7™ = s%2 = 1,srs = r?" 1) and

{1,r?"} if nis even

Z(SDgyn) =
(SDgn) {{1,rn,r2",7‘3n} if nis odd

Theorem3.1: Let '=I'(SDg,,) be a conjugacy class graph of SDg,,. Then

r— { Kyniq if niseven
Kyno UK, if nisodd

Proof: By (ALI & REZA, 2020), there are two case to consider.

Casel: When n is even. There are (2n — 1) noncentral conjugacy class of size 2
and two noncentral conjugacy class of size 2n. It is clear that the size of any two

conjugacy classes are not coprime. Thus, I' = K5, 1.

Case2: When n is odd. There are (2n — 2) noncentral conjugacy class of size 2

and four noncentral conjugacy class of size n. Thus, I' = K,,,_, U K,.

Theorem 3.2: Let '=I'(SDg,,) be a conjugacy class graph of SDg,,.Then

n(2n+1) if niseven
EOH) fome
2n—=5n+9 if nisodd

Proof: It is a straightforward from Theorem 3.1.



Theorem3.3: Let '=I'(SDg,,) be a conjugacy class graph of SDg,,.Then

0 if n is even
8(n—1)y4n% — 12n + 18 if nisodd

soc(r) = {

Proof: There are two cases to consider
Casel: When n is even, then by Theorem3.1, SOC(I") = 0.

Case2: When n is odd, then by Theorem3.2 there are 4(2n — 2) off-edges with
one end-vertex of degree three and the other end-vertex of degree 2n — 3 then,

the

SOC(I') = 4(2n — 2)4/32 + (2n — 3)2

=4(2n—2)V9+4n2 —12n+9

=8(n—1)V4n2 — 12n + 18.

Example3.4: If n = 4, then. SDg, =

10 ..11 ,.12 .13 ,.14

(1,7, 72,73, 7475, r8,r7,r8,ro r10rtl 12 13 14 15 s s, sr?,sr3,sr*, sr>, sr°,

sr’,sr8,sr®, sr10, sr1l sr 12 sr13 sri4 srid}.

Cl = {T,T.15} CZ = {TZJTJA} C3 = {7"3,7"13} C4— = {7"4,7"12} CS = {7,.5,7,.11}
Co ={r®, 1% C,={r",r° Cg ={s,sr? sr* sr® srd sri0 sri? srit}
Co = {sr,sr3,sr>, sr7,sr’, srit, sr13, srid}

Solution: SOC(SDg,) =0



Figure 4: conjugacy class graph of SDg 4

Example3.5: If n = 5, then. SDg 5 =

{(1L,r,v2,r3,r4r>,re,r7, r8,ro r10 1l 12 ¢ 1% s sr, sr?, srd

st sr® sr8,sr 7, sr8, sr? sr10 sr1l, srl2 17 sr18, sr1d}

Co={rr?} =% G={0°r""} Co={*r"" Cs={r°r'"}

Co ={r",v13} C,={r8r12} Cg=1{r° 1} Cy={s,sr?% sr* srb ssrd}

,ST

Cio = {5110, 5112, 571 5116, 5118} C;y = {sr, 573,57, s17,57°,}

Cyip = {sr11,sr13, 571> 5117, sr1%}

Solution: SOC(SDg<) = 4(2n — 2)\/32 + (2n — 3)?

= 4(2(5) —2)y3° + 2(5) - 3)?
= 4(8)V9 + 49
= 32V58

10



Figure 5: conjugacy class graph of SDg <



CHAPTER FOUR

The Sombor Coindex of the Conjugacy Class Graph of the
dicyclic group T4,

In this chapter we compute the Sombor coindex of conjugacy class graph of
dicyclic group Ty, .

Recall that the dicyclic group Ty, of order 4n is defined by the presentation
Tp=(r,s " =1,r" =s%,s71rs =r Y and Z(T,,) = {1,7"}.
Theorem4.1: Let I’ = I'(T,,,) be a conjugacy class graph of T,,,. Then

= {Kn+1 if niseven
K, 1UK, if nisodd

Proof: By (JAMES & LIEBECK, 2001), there are two case to consider.

Casel: When n is even. There are (n — 1) noncentral conjugacy class of size 2
and two noncentral conjugacy class of size n. Then the cardinality of any pair of

these classes are not coprime. Thus, I' = K, ;.

Case2: When n is odd. There are (n — 1) noncentral conjugacy class of size 2

and two noncentral conjugacy classes of size n. Thus, I' = K,,_; U K.

Theorem4.2: Let ' = I'(T,,, ) be a conjugacy class graph of T,,,. Then

if niseven

0
Soc(I) =
P {Z(n—l)\/n2—4n+5 if misodd

Proof: There are two case to consider
Casel: When n is even, then by Theorem4.1, SOC(I") = 0.

Case2: When n is odd, there are 2(n — 1) off-edges with one end-vertex of

degree one and the other end-vertex of degree(n — 2). Then, the

SOC(I) =2(n—1)/12 + (n — 2)2

12



=2n—1V12+n2—4n+4

= Z(n— 1)\/7?,2 —4‘Tl+5

Example4.3: If n = 6, then. T, =
(1,7, 72,73, r* r>

srily.

Cl = {7,.’7,.11} CZ = {7,.2’7,.10} C3 = {r3,r9} C4- = {r41r8} C5 = {r5,r7}

6 .7 .8 .9 .10 .11 2 3 or? 5 b cp? o8 9 opel0
,re, v’ re,r’, r®, rtt s, sr,sr4,sr>,sr*,sr>,sr°,sr’,sr°,sr’,sr*°,

Ce = {s,sr?,sr* s1r%,sr8 sr1%} C, = {sr,sr3,sr>, sr7,sr? sril}

Solution: SOC(T,,) =0

Figure 6: conjugacy class graph of T, ¢

Example4.4: If n = 7, then. T, , =

{(1L,r,v2,r3,r4r5,re,r7, r8,ro r10rtl 12 v13 5 sr,sr?,sr3, sr*, sr>, sr sr’, sré

11, ST 12, 57‘13}

,sr2,sr10 sr
C,={rr3} C,={r%r?} C={3r"} C,={*r%Y Cs={r>r%)
Co ={r®,r8  C, ={s,sr? sr* sr® srd sr10 sri?}

Cg = {sr,sr3,sr> sr7,sr® srit, sr13)}

13



Solution: SOC(T,,) = 2(n — 1)Vn2 —4n +5

=2(7—1)J72—4(7)+5

=2(6)V49 — 28 +5
= 1226

Figure 7: conjugacy class graph of T, ;

14
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