
Q1. Find a basis for 𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘 and a basis for 𝐼𝐼𝐼𝐼𝑇𝑇 for each of the following. 

a. 𝑇𝑇:ℝ3 → ℝ2 defined by 𝑇𝑇(𝑥𝑥,𝑦𝑦, 𝑧𝑧) = (2𝑥𝑥,𝑦𝑦 + 𝑧𝑧).  

b. 𝑇𝑇:𝑃𝑃1(ℂ) → ℂ defined by 𝑇𝑇(𝑎𝑎0 + 𝑎𝑎1𝑥𝑥) = 2𝑎𝑎0 − 𝑖𝑖𝑎𝑎1 where 𝑃𝑃1(ℂ) and ℂ are spaces over ℂ. 

c. 𝑇𝑇:ℝ2 → ℝ3 defined by 𝑇𝑇(𝑥𝑥, 𝑦𝑦) = (𝑥𝑥, 2𝑥𝑥, 3𝑥𝑥). 

d. 𝑇𝑇:𝑀𝑀2×2(ℝ) → ℝ2 defined by 𝑇𝑇 �𝑥𝑥 𝑦𝑦
𝑧𝑧 𝑤𝑤� = (𝑥𝑥 − 𝑤𝑤,𝑦𝑦 + 2𝑧𝑧). 

Q2. If  𝑆𝑆,𝑇𝑇:ℝ3 → ℝ2 are linear transformations defined by 𝑇𝑇(𝑥𝑥,𝑦𝑦, 𝑧𝑧) = (𝑥𝑥,𝑦𝑦) and 𝑆𝑆(𝑥𝑥,𝑦𝑦, 𝑧𝑧) = (𝑥𝑥, 2𝑥𝑥), 

then find rank and nullity for 𝑇𝑇, 𝑆𝑆, 2𝑇𝑇 + 𝑆𝑆 and 𝑇𝑇 − 5𝑆𝑆.   

Q3. If 𝑈𝑈 is a finite dimensional vector space over a field 𝔽𝔽 and 𝑇𝑇:𝑈𝑈 → 𝑈𝑈 be a one-to-one linear 

transformation, then show that 𝑇𝑇 is onto.  

Q4. If 𝑇𝑇:𝑃𝑃2(ℝ) → 𝑃𝑃2(ℝ) defined by 𝑇𝑇(𝑝𝑝(𝑥𝑥)) = 𝑝𝑝(𝑥𝑥)′, then find rank and nullity of 𝑇𝑇. 

Q5. Find rank and nullity of 𝑇𝑇:ℝ2 → ℝ2 satisfies 𝑇𝑇(1,−2) = (−√3,−√2 ) and 𝑇𝑇(1, 1) = (√2,√3 ). 

Q6. Let 𝑇𝑇:𝑀𝑀𝑛𝑛×𝑛𝑛(ℝ) → 𝑀𝑀𝑛𝑛×𝑛𝑛(ℝ) defined by 𝑇𝑇(𝐴𝐴) = (𝐴𝐴 − 𝐴𝐴𝑡𝑡)/2, where 𝐴𝐴𝑡𝑡 is the transpose of 𝐴𝐴. Then 

a. Show that 𝑇𝑇 is a linear transformation. 

b. Find 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑. 

Q7. Find a linear transformation 𝑇𝑇:ℝ3 → ℝ4 such that 𝐼𝐼𝐼𝐼𝐼𝐼 is spanned by 𝑣𝑣1 = (−1, 1, 0, 0) and 𝑣𝑣2 =

(1, 0, 2,−3). 

Q8. Find a linear transformation 𝑇𝑇:𝑀𝑀2×2(ℝ) → ℝ3 such that ��0 1
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0 −2� � is a basis for 𝐾𝐾𝐾𝐾𝐾𝐾𝐾𝐾. 

Q9. Find all possible compositions for the following. 

a. 𝑇𝑇:ℝ3 → 𝑀𝑀2×2(ℝ),𝑆𝑆:ℝ → ℝ3 where 𝑇𝑇(𝑥𝑥,𝑦𝑦, 𝑧𝑧) = �−𝑥𝑥 𝑦𝑦 − 𝑧𝑧
𝑧𝑧 2𝑥𝑥 � and 𝑆𝑆(𝑥𝑥) = (2𝑥𝑥,−𝑥𝑥, 0). 

b. 𝑇𝑇:ℝ2 → ℝ2 and 𝑆𝑆:ℝ2 → ℝ2 where 𝑇𝑇(𝑥𝑥,𝑦𝑦) = (𝑥𝑥 + 𝑦𝑦, 2𝑥𝑥 − 3𝑦𝑦) and 𝑆𝑆(𝑥𝑥,𝑦𝑦) = (0,−𝑥𝑥 + 3𝑦𝑦). 

c. 𝑇𝑇:ℂ2 → 𝑃𝑃1(ℂ) and 𝑆𝑆:ℂ2 → ℂ2 where T(𝑧𝑧1, 𝑧𝑧2) = 2𝑧𝑧1 − 𝑖𝑖𝑧𝑧1𝑥𝑥  and  S(𝑧𝑧1, 𝑧𝑧2) = (𝑧𝑧1 + 𝑧𝑧2, 𝑖𝑖𝑧𝑧1). 

d. 𝑇𝑇:ℝ3 → ℝ2 and 𝑆𝑆:ℝ2 → ℝ3 where 𝑇𝑇(𝑥𝑥,𝑦𝑦, 𝑧𝑧) = (0, 𝑥𝑥 + 𝑦𝑦 − 𝑧𝑧) and 𝑆𝑆(𝑥𝑥,𝑦𝑦) = (𝑥𝑥 − 2𝑦𝑦, 3𝑥𝑥, 2𝑦𝑦). 

Q10. If 𝑈𝑈 is a finite dimensional vector space over a field 𝔽𝔽 and 𝑇𝑇:𝑈𝑈 → 𝑈𝑈 is a linear transformation, then 

show that 𝐾𝐾𝐾𝐾𝐾𝐾𝐾𝐾 ⊂ 𝐾𝐾𝐾𝐾𝐾𝐾𝑇𝑇2 and 𝐼𝐼𝐼𝐼𝑇𝑇2 ⊂ 𝐼𝐼𝐼𝐼𝐼𝐼. 

Q11. If 𝑇𝑇:𝑉𝑉 → 𝑊𝑊 and 𝑆𝑆:𝑈𝑈 → 𝑉𝑉 are linear transformations such that 𝐾𝐾𝐾𝐾𝐾𝐾𝐾𝐾 = {0} and 𝐾𝐾𝐾𝐾𝐾𝐾𝐾𝐾 = {0}, then 

show that 𝐾𝐾𝐾𝐾𝐾𝐾(𝑇𝑇𝑇𝑇𝑇𝑇) = {0}, where 𝑇𝑇2 = 𝑇𝑇𝑇𝑇𝑇𝑇. 



Q12. If 𝑇𝑇:𝑈𝑈 → 𝑈𝑈 is a linear transformation such that 𝑇𝑇2 = 𝑇𝑇𝑇𝑇𝑇𝑇 = 0, then show that 𝑇𝑇 − 𝐼𝐼 is an 

isomorphism. 

Q13. If 𝑇𝑇:𝑈𝑈 → 𝑈𝑈 is a linear transformation such that 𝑇𝑇2 − 𝑇𝑇 + 𝐼𝐼 = 0, then show that 𝑇𝑇−1 exists and is 

equal to 𝐼𝐼 − 𝑇𝑇.  

Q14. If 𝑇𝑇:𝑈𝑈 → 𝑈𝑈 is a linear transformation such that 𝑇𝑇2 + 2𝑇𝑇 + 𝐼𝐼 = 0, then find 𝑇𝑇−1. 

 

 


