(NI N Transcendental Functions

Trigonometric Function

Consider the circle (see Figure 2.1)
x2+y2=712% 1r>0
We define

. X
sm6=% and cose=;

= y=rsinB and x =rcosB

Now, since x? + y? = r?

]

hypotenuse xP(x, y)
r

= r%sin?0 + r2cos?0 =712, r# 0 Figure 2.1
= sin?0 + cos?0 =1 l - (D
tan® = 222 =2 and cot = C(_)—SG =z
cos6 x sin 6 y
secO=——="_ and csch = _1 =
cos© x sin 6 y
: =Y _Y_ g : — i
sin(—6) = — " sin®@ = | sin(—0) = —sin0
X
cos(—0) = —=cosf = cos(—0) = cos 8
Divide equation (1) by cos?8 we get:
| tan?0 + 1 = sec?0 l
Divide equation (1) by sin?8 we get:
| 1+cot?0 =csc?0 |
y
/ X
A
Terminal ray
Initial ray
4
N t wye oy
Teinal mgg:ul;f f":;s;;mi Initial ray

Figure 2.2

Figure 2.3
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Since the circumference of the circle 1s 27 and one complete revolution of a circle 1s
360°, the relation between radians and degrees is given by

7 radians = 180°.

For example, 457 in radian measure is

= —rad,

T
% 180
and /6 radians is
7 180
6 7
Conversion Formulas
| degree = %(:u.nz} radians
Degrees to radians: multiply by ﬁ
| radian = @(35?} deprees
. . 180
Radians to degrees: multiply by ——
Even Odd
cos(—x) = cosx sin{—x) = —sinx

sec(—x) = secx

tan(—x) = —tanx
csc{—x) = —cscx

cot(—x) = —cotx

AN
NS

Degrees

T

4

= 30°.

Figure 2.4 The angles of two common

triangles, in degrees and radians.

Functions
Period 7

Period 257

Periods of Trigonometric

tan(x + 7) = tanx
cot{x + ) = cotx
sin(x + 27) = sinx

cos(x + 27w) = cosx
sec(x + 27) = secx
csc(x + 27) = cscx

Calculus _ First class el



(NI N Transcendental Functions

Some Important Identities

1.sin(a ¥ B) = sinacosf F sinf cosa

2. cos(a + B) = cosacosfB +sinasinf

tana+tan g
3.tan(a + =
( '8) l1-tanatanf
tan a—tan
4.tan(a — p) = tana-tanf
l+tanatanf
a 1+cosa
5.c0s? == ———
2 2
.2 a 1-cosa
6.sin“ — = —

2 2

7.sinacos B = =[ sin(a — B) + sin(a + B)]
[cos(a — B) — cos(a + B)]

9.cosacosf = %[cos(a —B) + cos(a + B)]

8.sinasinf =

NIFR R

10.sina +sin B = Zsinazﬁ cos%
11.sina —sinf = 2 cos# sinazi
12.cosa + cosf = ZCOS# cos%
13.cosa —cosff = =2 sinazi sin#

14.sin2a = 2sina cosf8

15. cos 2a = cos?a — sin®a

2tana
1-tanZa

16.tan 2a =

1. Sine Function

Itis a function f:R - [—1

sinx =0 iff x =0,¥mn,+2r, ¥37,... = nm,n € Z.

sinx = +1 iff x % ?f,...z(n+%)n,nez.
Since sin(—x) = —sin x, therefore the sine is an

odd function.

. . s T . T T
[t's a one to one function if — > <x< > So sin: [_E'E

¥

y=sinx

, 1] defined by f(x) = sinx.

N
4R

Domain: —o= << x << =
Range: —l=y=1
Period: 2

Figure 2.5

] — [—1,1] is a bijection function.
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y
2. Cosine Function /\y =cosx /
I
|
Itis a function f:R — [~1,1] defined by f(x) = cosx. 0 F i R
1 /2 2Ny 2
cosx = 0 iff x=$£,$3—",...=(n+1)n,nez. ! v
2 2 2

Domain: —o= < x < ==
Range: -l=y=1
Period: 27

cosx = +1 iff x =0,+m, ¥2n,+3mw,...=nn,n €Z

Since cos(—x) = cos x, therefore the cosine is an

. Figure 2.6
even function. g

It’s a one to one functionif 0 < x <m or —m < x < 0. Therefore cos: [0,7] » [—1,1] is

a bijection function.

3. Tangent Function | gt
Itis defined by tan:Di,, = R, / |
» X
sin x mfw 0 T 3
f(x) =tanx = ——, cosx # 0. ‘F//
cosx =0 if x = (n+%)n,n €Z,
. Domain:x:f::%,t%....
Dian = R/{x:x = (n + E) m,n € Z} Rings: 6Ly <
1 Period:
={xE[R{:x¢(n+—)rt,nEZ}. .
2 Figure 2.7

tanx =0 if sinx =0 = x = nm,n € Z.

f(x) = tan x is not one to one function. It becomes one to one if —% <x< %

4. Cotangent Function 3 y =cotx

It is defined by cot: D o = R, \‘ 1 —\
: £ %, S
f(x)=cotx=cf)sx,sinx¢0. v‘%\%‘ %\T TX
sinx
sinx =0 if x =nm,n €Z,

Domain: x # 0, =4, =24, ...

= Deot = {x € Rix # nm,n € Z}. Range: —ec<y<==
Period:
cotx =0 if cosx =0 =>x=(n+%)ﬂ,n€Z. Figure 2.8

f(x) = cotx is not one to one function. It becomes one to one if 0 < x < m.
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5. Secant Function
Itis a function f:Dge. = (—00,—1] U [1, ), and

defined by f(x) =secx = ﬁ,cosx + 0.
cosx =0 if x = (n+l)n,n €Z,
2

1
= Dgec = {x ER:x # (n+5)7t,n € Z}.
f(x) = secx is not one to one function.

It becomes one to one if x € [0,2) U (=, 7].
2 2

6. Cosecant Function

Itisa function f:D.s = (—o0,—1] U [1,0),
and defined by f(x) = cscx = ﬁ,sinx # 0.
sinx =0 if x =nm,n €Z,

= Dese = {x € Rix # nm,n € Z}.

f(x) = secx is not one to one function.

[t becomes one to one if x € [—g, 0) v (0, %].

The Inverse of Trigonometric Functions

1. The inverse of sine function

1

It's denoted by sin™", and defined to be the inverse of

. . T T
the sine function for -3 <x< >

f(x) =sin"1x,sin"1:[-1,1] » [—g,g]

2. The inverse of cosine function

1 and defined to be the inverse of

It's denoted by cos™
the cosine function for 0 < x < T,

f(x) =cos tx,cos1:[-1,1] - [0, 7]

¥y
+ y=-=secx

\

‘ 1 ] =
2% w4 3w
Domam.x;!:-_Fz,_ 5 e -
Range: y=-landy=1

Period: 24

Figure 2.9

r's y=cscx

Domain:x # 0, *4, =24, . ..
Range: y=-landy=1
Pedod: 24

Figure 2.10

y

A
x=siny

y= sin~'x

" Domain: [-1,1]
" Range: [-#/2, w/2]

vl

I / 1
210 1

> X

*
SIE]
T

Figure 2.11

Yy

A

xX=cosy

.‘“'.. ¥y= cos'x
Domain: [-1, 1]

<. Range: [0, 7]

o~

e

\

> X

)
=1 0] A

Figure 2.12
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3. The inverse of tangent function
It's denoted by tan™!, and defined to be the inverse of

the tangent function

T

f(x) =tan"lx, tan":R - (—EE)

4. The inverse of cotangent function
It's denoted by cot™!, and defined to be the inverse of
the cotangent function

f(x) =cot™lx,cot™::R - (0,m)

5. The inverse of secant function

It's denoted by sec™!, and defined to be the inverse of

the secant function

f(x) =sec™lx,sec™t:(—o0,—1] U [1,00) > [O,g) U (g,n]

6. The inverse of cosecant function
It's denoted by csc™?, and defined to be the

inverse of the cosine function

f(x) =csc™lx,csc™ (=00, —1] U [1,00) > [—g,O) U (0,%]

A Domain: (~es, =)
Range: (-n/2, wi2)

Figure 2.14

y= sec"x
Domain: x| =1
Range: [0, #w/2) U (w/2, w]

Figure 2.15
y=csclx
Domain: |x| =1

Range: [-#/2,0) U (0, #/2]
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Logarithmic Functions
1. The General Logarithmic Functions

Let a > 0, a # 1 be any real number, the general

logarithmic from Log,: R™ —» R where a is the base of

logarithmic function.

Some Properteis

If x and y are positive numbers, then

1. Log,(xy) = Log,x + Log,y

-y

},r=]ngsx\

y=log,x

Figure 3.33

2. Log, (i) = Log,x — Log,y

3. Log,x" = rLog,x (where r is any real number)
4.Log,1=0

5.Log,a =1

6.For 0<x<1, Loga,x <0

7.For x > 1, Log,x >0

8.lim,_ ¢+ Log,x = —o0,lim,_, Log,x =

9. Itis one to one and onto function, so it is bijective function.
-If a = 10, then we denote this function by f(x) = Log x. 4
-Ifa = e (e is the Euler’s number and e = 2.718281828 ...), 8
we denote this function by f(x) = Inx and it is called the

natural logarithmic function.

2. The Natural Logarithmic Functions

It is the logarithmic function with the base a = e.

i.e. f(x) =Logzx =Inx,In:R* - R.

/ Figure 3.34
Some Properteis
If x and y are positive numbers, then x In x
1.In(xy) =Inx +1Iny 0 undefined
0.05 -3.00
Inx
2:jpy = Inx=lny 0.5 ~0.69
1 0
2 0.69
3 1.10
4 1.39
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3.In1=0,Ine=1
4. Inx" =rlnx

5.ln§= Ina!=—1Ina

6.For 0<x<1, Inx<0

7.For x > 1,lnx >0

8.lim,_ ¢+ Inx = —oo,lim,_,o Inx =

9. Itis one to one and onto function, so it is bijective function.

Exponential Functions

1. The Natural Exponential Functions

Since the natural logarithmic function is a bijective function, so it has an inverse,

which’s the natural exponential, hence exp: R - R* defined by f(x) = e*,Vx € R.

Some Properteis

The natural exponential e* obeys the following laws:

l.e*eY =e*Y Vx,yeR

5.e°=1
6.e"* = x
7.Ine* =x
¥4 ¥

Figure 3.35 Figure 3.36
\ay=e b)y=¢"*

Typical values of &
x e* (rounded)
-1 0.37
0 1
1 272
2 7.39
10 22026
100 2.6881 x 10%
¥4
y=e’
y=x

y=Inx

\

-y

1

Figure 3.37
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2. The General Exponential Functions ¥4
Itis defined f: R —» R* by

y=x

f(x) =a*,Vvxe€R,a>0,a+1

It is the inverse function of the logarithmic function. y=a*, a>1

=Qa ___/
— (elna)x =a*

—[e=or

Since el"* = x = elna

L]

y=log,x, a>1

_Inx Figure 3.38

log,x = 1. Inx =
Ina Ina

Inverse Equations for a* and log, x
a=* =y (x = 0)
log,(a*) = x (all x)
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