Chapter 3: Limits and Continuity
Concept of Limit
Definition: We say that the limit of f (x)is L as x approaches a and write this as

limf (x)=L.

X—a

An alternative notation that we will occasionally use in denoting limitsis f (x) >L as X —>a

without actually letting x = a.
This means that the definition says that as x gets closer and closer to x =a from both sides of course
then f (x ) must be getting closer and closer to L or, as we move in towards X =athen f (x)must be

moving in towards L .

Definition: Right-handed limit is denoted by lim f (x)=L and left-handed limit is denoted by
limf (x)=L.
Given a function f (x)if, limf (x)=L = limf (x) then the limit will existand limf (x)=L

Likewise, if limf (x)=L then, limf (x)=L = limf (x)

If limf (x)= limf (x) then the limit does not exist.

Limit Properties
If imf (x)=L,and |i2c’1 g (x) =L, then

1. )I(igcﬁ(f xX)xg(Xx))=L, £L,. 2. 1im(f x)og(xx))=L,.L,.
3. Iim@:i,L2 #0. 4. lim(af (x))=alL,, a constant.
X —C g(x) |_2 X —C

5. lim(f (x))" =(limf (x))" =L,", neN .

6. limyff (x) =Q/Iimf (x) =g/L,, n N, and for n even, we assume that L, > 0.

7. limx =c. 8. limx" =c"

X —C X —C

3 _ oy 2 Iim(x3—2x2) C(3°-203° 9

. X
Example1 lim = x=8 — -
x-3 X242 Iim(x2+2) (3)?+2 11
X —>3

Example 2:

o x?+2x +1 (x?+2x +1 "”J3(X2+2X +1) 9-6+1 |4
lim ,[~———= = _|lim = [x== - 2= _ 22
x >3 8+ 2x x>-3 8+ 2X I|m3(8+2x) 8—-6 2

27



Remark: Avoid common mistakes of the form % . Typically zero in the denominator means it’s

undefined. However that will only be true if the numerator isn’t also zero. Also, zero in the numerator
usually means that the fraction is zero, unless the denominator is also zero.

X
So, there are three cases to compute lim——= f(x)
x-a g (X )

1. g(@)=#0and f(a) = 0. Inthis case lim——= f(x) f(a).
-ag(x) g(@)

2. g(@=0andf (@) =#0. In this case Iim% does not exist.
X —a g X

3. g@=0andf (a)=0. In this case Iimm

) can be calculated by using algebraic manipulation .
X —a g X

Casel: g(a)=0

Example 1' Evaluate the following limit.

X3 +X +1 X2 —
1) lim——m———= 2) lim
@ x>2 X% 42 @ x>1x % +1
Cox3ex+1 (2)+2+1 11 . x2-1 0
Solution: (1) lim > :( ) 5 == (2 X2 = =
x>2 X +2 (2) +2 6 xolx“+1 2

Case 2: g(@)=0andf (a) =0 [Limits that equal infinity]

Definition

We say that limf (x)=co if we can make f (x)arbitrarily large for all x sufficiently closeto x =a,
from both sides, without actually letting x =a. We say that limf (x)=—o if we can make f (x)

arbitrarily large and negative for all x sufficiently close to X =a, from both sides, without actually
letting X =a

Remark: Concider the limit Iimf (x)
x—a g (X )

If limf (x)=oco0and IIm f (X) =—0, then the limit doesn’t exist.

X —a+

If limf (x)=- and Ilm f (x) =00, then the limit doesn’t exist.

X —a+

X —a+

1
2
3. If limf (x)=oand Ilmf (X) =0, then the limit doesn’t exist and Ilmf (X)=c0.
4

If limf (X)——ooand IImf (x) =—0, then the limit doesn’t exist and IImf (x)=-o

X —a+ X—a

] 1
Example 2: Evaluate lim—
X —>0 X

: 1 .1 .1
Solution: lim — =00 and lim — =0, Solim— =w.
X =0+ X X —0- X x—0 X

Case3: g(@)=0andf (a)=0
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3
Example 3: Evaluate lim +8’?

x>2x% -4

Solution: take x =-2 we get, lim =X “+8 [9}
x>-2x2 -4 0

3 > . o
lim X2—+8= lim X +2)(x°—2x +4) _ lim (x°=2x —4)
x—>-2X*“ -4 X —>-2 (X —I—Z)(X —2) X —>—2 (X _2)

3 2 oy o2 or o g

lim X8 _ i X =2 =D _ (2 —2(2) -4 4+d—4

o2xT -4 o2 (X =2) 2-2 4

=1

X +/x — 6.

X =2
Solution

lim X x —6 6[) X 3G —2)
X —>4 f 2 0 i (f 2)

Example 4: Evaluate Ilm

—|in}(\ﬁ+3)=ﬁ+3=2+3=5

Example 5: Evaluate the following limit.

_(h+1)" -1
lim
h—0 h
Solution
h+1) -1 2 - h(h+2
Iim( ) (Qj:"mh +2h+1 1: im ( )_||m(h_|_2) )
h—0 0 h—0 h h—0 h h—0
Exercise : Evaluate the following limit. (1) IimM ) ||mm
. g . x >3 X3—27 xasx 2X _3
3
E 2
©) lim = - (4) lim x+2) -4,
x—1 -5 an X
x2-1
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Limits at infinity

Definition:
By limits at infinity we mean one of the following two limits.
limf (x) limf (x)
Theorem: For n >0 we have
lim—=0 lim 1n =0
X~>OOX X*)—oox

This fact should make sense if you think about it. We require n > 0to make sure the term stays in the
denominator and as we increase x then x " will also increase. So, what we end up with is a constant
divided by an increasingly large number so the quotient of the two will become increasingly small. In the
limit we will get zero.

Theorem:
lim(@,x"+a,_Xx""+.... +aX +a,)= limax",a, =0
X =+ X —>+00
lim(@x"+a, X" +..... +aX +a,)= limax",a #0
X —>—00 X —>—00

Remark: You can avoid common mistakes by giving careful consideration to the forms 2 and wo—oo
o0

during the computations of the limit. Initially, many students incorrectly conclude that Cis equal to 1, or
o0

that the limit does not exist, or is +ocoor —o. Many also conclude that co—oois equal to 0 . In fact, the

forms Zand co—ao are examples of indeterminate forms. This means that you have not yet determined
o0

an answer. Usually, these indeterminate forms can be circumvented by using algebraic manipulation.

Such tools as algebraic simplification and conjugates can easily be used to circumvent the forms % and
(e8]

oo —oo SO that the limit can be calculated.

Example 1: Compute (1) lim(3x®~1000x?).  (2) lim (x*+5x*+1) (3) lim 12005
X —00 X —>—00 X%oox _|-

Solution: (1)  lim(3x®~1000x*)= lim (3x*) =0

(2 lim (x*+5x*+1)= lim (x*)=o0

@) im0 =(@j=o
x> X ©+5 0
X +7 _Tx*+x -100 X2 =3X+7
Example 2: Compute (1 lim @ lim—— —_
P pute (1) x> 3X +5 @ 2x 2 —5x ( x>0 x 110X —4
X 7 7

Solution: (1) lim X +f :(ﬁ] _lim XX i —x 1401
x—>=>3X +5



2 p—
(2) Iimw :(fj Circumvent it by dividing each term by x 2
x—e 2% —5X o0
7x2+x 100 7+1 100
2y _ V2 T 2 2 L 2 _
So ||m7X +2X 100 i X 2X X — lim X X :7+O O:Z
x—>o 2% °—By X =0 ZL_Six X —>0 2_5 2-0 2
x? x? X
(3) Circumvent it by dividing each term by x®
x? 33X 7 1 3 7
S 4T o x? X3 3 x xZ %3 0-0+0
So lim——— 3 = lim = =
X X +10x "4 xoex3 10x 4 e, 10 4 140-0
FETLEV R +5-3
X X* X X< X

Remark: Dividing by x 2, the highest power of x in the numerator, also leads to the correct answer.
Example 3: Compute (1) Ilm(x —\/7) 2 XIiﬂ]@(x —\/m)
Solution: (1) Ilm(x —\/ﬁ) (c0—o0)

(xz—(x2+7)) _ _7 _7

_ _ » (x —\fx2+7)(x +\/x2+7)__ ) =
fim (x —x +7)—!'£El (o) = Jim et e) —!mm—;—o

(2) lim (x —x? +7):(—oo—oo). This is not an indeterminate form. It means =—oo

eX 2X
2 I|m—
+5e¥ @) -0 3

Example 4. Compute (1) lim 2

In(2+e*
(4) Ilmg (5) lime*>™
X —>00 In( ex) X —>0
. e* 0
Solution: (1) lim = =0
x> 4452 440

2" _(2Y
@ tim(2)-tm(3) -
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[ 2
In[e3 = +1D Ine® +In(§x+1)
_ lim ¢ _ lim ¢

o In(eX 1+1D 7 Ine* +In(lx+1j
e* e

3x +1In 2 +1J

- In(2+e3x)(fj

X o0 In(1+ex) 0

(4)

=lim 1 :IimB—X:Iim3:3
x+|n(x+1) X
e

(5) Notice that lim(2x —1)=o0 and lime* =o0. Combining these two results getting lime*™* = oo

X —0 X —»00 X —>00

2
Exercise 1: Compute (1) Iin_17x+—x+11 (2) Iimx—+3 (3) lim X +3

{\/5X +9x ? +2}

1+3x

(4) m(%xux +3—Bx 2+ 4x +7) (5) lim

X —00

Exercise 2: Compute (1) limIn2x (2) Iirye‘z/X (3) lim tan™(Inx ) (4) lim e¥**

X =0+
5) lim
©) x>0 3 4 2%
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Limits of Trigonometric Functions:

Theorem
. SinXx
lim——=1
x—=0 X
Example 1: Evaluate the following limit.
. (1—cosxj
lim| ————
X —0 X
Solution
. 1-cosx (0 . 1-cosx 1+cosx ,. 1-—cos®x ) sin’ x
Iim—— | = |=lim ) =lim—=lim—
x>0 X 0) x-0 X 1+cosx x20x(1+cosx) x—-0x(1+cCOSX)
. sinx . sin x 0
=1lim Jdim =(1)( )=(1)(0)=0
x>0 X x-0(1+COSX) 1+1
Example 2: show that.
. Ssinax . ax . sinax a
1.lim =lim— =lim— =—
x—>0  px x=>0sinbx x—0sinbx b
. tanax ) ax . tanax a
2.lim =lim =lim =_—
x—0 Px x—0tanbx x—0tanbx b
. Sinax . tanax a
3.lim =lim— =—
x—0 tanbx  x—0sinbx b
Solution
We will show that
. _Sihax a . tanax a . _Sinax a
lim =— lim = | -2
x—0  px b x—0  pPx b x=>0tanbx b
and left the rest as an exercise.
Solution 1
sinax sinax
. Sinax . ) a sinax
lim —lim—& _ —|im—& _ _|imZ
x—0 px x>0 DX X —0 b x->0ph ax
ax a
let y =ax ,as x>0,y —0.So
. Sinax a,. sinax a,. Ssin a a
lim =—lim =—I|m—y:_(1):_
x—0 bx b x-0 ax b y—-o0 y b b
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Solution 2
sinax
lim BN _ jjm| Cosbx_ =Iim( L .Smax):lim[ L J.lim(s'”a"jzlﬁzﬁ
x=0  px x=0  px x-0\ cosbx  bx x-0{ cosbx ) x-0\  bx b b
Solution 3
sinax Iimsinax
Iimsinax_i ax  _ x>0 ax _1_a
x—0 tanbx _ x—0 tanbx _"mtanbx b b
aX x—0 aX a
Example 3: Evaluate the following limit
. 4x
lim -
x-0 tan 3X +sin 2X
Solution
4x
lim— 2 O lim——x_ ~ lim 4 __4__4
x>0 tan3x +sin2x \ 0 ) x-0tan3x +sin2x  x-o tan 3x +sin2x _§+g_5
X X X 11
Example 4: Evaluate the following limit
. 1-cosé@
lim——
60 @sin g
Solution
. 1-cos@(0 _1-cos@ 1+cosé . 1-cos* @ i sin® @
lim—— —| — |=Ilim - . =lim— =lim—
0-0 @sin@d (0) ¢-0 @sin@d 1+cos@ ->00sind(l+cosP) ¢-0sinH(1+cosb)
him— MO i SNy L gy 1
00 f(1+cosf) o0 @ -0 (1+cosd) 1+1) 2

Exercise : Evaluate the following limits.
cos( X
(1) lim L
X —>7r/2 COS(—X )

Iim53in3x +tan7x
@ *°  3x+x’
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Theorem: Squeeze Theorem
Suppose that for all X on [a,b]we have,

g(x) < f(x) <h(x)

Also suppose that,
limg(x)=limh(x)=L

for some a<c <b .Then,

limf (x)=L
X —>C
The Squeeze theorem is also known as the Sandwich Theorem.
Example 14: Evaluate the following limit.
. 1
limx 2 cos(—j
x—0 X

Solution: since —1<cosx <1

~1< cos(ij <1 [for all x # 0]
X

Now if we have the above inequality for our cosine we can just multiply everything by an x > and get the
following.

1
—ngxzcos(—jgx2
X

In other words we’ve managed to squeeze the function that we were interested in between two other
functions that are very easy to deal with. So, the limits of the two outer functions are.

limx?=0= Iim(—xz)

X —0 X —0
. 1
limx “cos| — |=0
x —0 X
Exercise: Evaluate the following limits.

lim \/x_sin(x +£j

( 1) X —>0+ X
lim (e’3X C0S 2X )
(2) X =00
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Continuity
Definition
A function f (x)is said to be continuous at x =c if
1. f (c) is defined. 2. limf (x) is exist. 3. limf (x)=f (c)

A function is said to be continuous on the interval [a, b ] if it is continuous at each point in the interval.

Example : discuss the continuity at x =3 for the following functions.

x> -9 x* -9
x> -9 2 " x=#3 ~— x#3
f(x)= g(x)=9 x-3 h(x)=9 x-3
X—3
4, x=3 6,x=3
Solution

1. the functions is undefined atx =3, and hence is not continuous at that point.
2.

f(3)=4
2 _
limf (x):limx—_gzlimwzlim(x +3)=6
x—3 x>3 ¥ —3 x-o3 X —3 x—3

The function value and the limit aren’t the same and so the function is discontinuous at X =3.
3.
f(3)=6 Iingf (x)=6
X

The function is continuous at X = 3since the function and limit have the same value.

Exercise:- Find the points of discontinuity of the function

(x—1 )
o if x<1
! f 1<x<2
i <x
fO={%*2
1 if 2<x<3
2x2—4 if x=3
\
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