CHAPTER THEER

Sequence and Compactness

Sequences in Metric Spaces

3.1 Definition Let (X,d) be a metric space, a sequence {x,} in X is a function
f:N - X, where f(n) = x,, then {x,,x,, ...} is called a sequence in Xand x,, is
called the nth term of the sequence. We also write {x,}n—4, or just {x,}, for the

sequence.

Convergence of Sequences

3.2 Definition Let (X,d) be a metric space, a sequence {x,} C X is said to be
converges to a point x € X, written x,, = x, If for every € > 0 there exists k €
N such that VYn = k then d(x,,x) < ¢, the point x is called the limit of {x,,},

and sometimes we write lim x,, = x < lim d(x,,x) = 0.
n—-o00 n—-o0

Thus, the sequence {x,} converges to x, if for every € > 0 there exists the open

ball B.(x) includes all terms of x,,, except a finite number of its terms.

Figure 3.1
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3.3 Example The sequence { %} is convergent to zero.
Solution: For all ¢ > 0, to find k € N such that ¥Yn = k then d(x,, x) < &.

Fix € > 0, then 3k € N such that k>%.NOW,ifn2kandk>é then n >

i—O|<<£.

n2

1 1
= = —£<0<;<s then

3.4 Example The sequence { (—1)"} is divergent.

Solution: To show that whether |x, —x|<e&e Ve,n=>k fixedks.tx, =

1 . .
land e = -, Now for starting with n=k we have X, —x|<e =>[1-—x|<

£= % .(1) , the first n after k is n+1 and

1
Xpy1 = —1s0|x, —x|<e = |—1—x|<e=5...(2)

[1—x|+[1+x| =[1—x|+|-1—x|<s+-=Lbut 2=|1—x+1+x)|<
|1 — x| + |1+ x| < 1 and that is a contradiction.

3.5 Theorem A convergent sequence has a unique limit.

Proof: Suppose (X,d) is a metric space, a sequence {x,} € X, x,y € X, such
that x, —mx as n—o, and x, —y as n-— 0. Supposing x #
y, let d(x,y) =r > 0. From the definition of convergence there exist
ki and k, € N such that

nz= k]_ = d(xn; X) < 2:
nZkZ = d(xn:y) <£
Let k = max {k,,k, }. Then

d(x,y) <d(x,x,) +d(x,y) < £+£ = %, ie. d(x,y) < %, which is a

contradiction.
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3.6 Remark If a sequence {x,} converges to x, then x is the only limit point
of the sequence.

3.7 Theorem A set is closed if and only if it includes the limit of every
sequence in it.
Proof: Suppose that A is a closed set and that {x,} is a sequence in A with
X, — X. To prove that x € A, by contradiction. If x € A = x € A€, since A€
isopen = 3¢ > 0s. t B.(x) € A° = B.(x) contain all, except finite number
of the terms of {x,,} contradiction to that x, € A.

Conversely, suppose that A is includes the limit of every sequence in it.

To prove that A is closed, if not = A€ is not open = 3x € A s.t. B.(x) N A
has at least one point Vr >0 = VneEN, I3x, €A s.t d(x,,x) <% =

X, € A and convergent to x and x & A (or x € A°).

3.8 Definition Let {x,} be a sequence in a metric space (X,d) and {n,} be a
strictly increasing sequence. i.e. ny <n, <nz < ---. Then the sequence {x,, }

is called a subsequence of {x,, }.

3.9 Example Let{xn}={ni},neN.
1111 1 1

1. The sequence {2 RV ErUCTRETR ...} Is a subsequence of {x,,}. For we take

ny = 2k then the sequence is {xy, } = {%} for k=1,2,3,..

1111 1 1 1
2. The sequence {—,—,—,—,—,—,—, ...} is a subsequence of {x,, }.

q {3’5’7’9’11’13’15’ } q f{ ”}
1

If we take n, = 2k + 1 then the sequence is {x,, } = {2k+1

}for k=123, ..

4. n, = k! = the sequence {x,;.} = {%} = {1%% } fork=1,23,.. is a

subsequence of {x,,}.
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5. n, = 2% = the sequence {x,;,} = {i} = {%,i, ,} fork =123,.. is a

2k

ool I

subsequence of {x,, }.

3.10 Lemma If ny is a strictly increasing sequence of natural numbers then
n, = k forall k € N.
Proof: We shall prove this by induction. When k = 1, since n;, € N, it follows
that n, = 1 = k. Now suppose that n, = k for a certain k € N. Then, since
the sequence is strictly increasing, ny,, > n,. However, since the n; are
natural numbers, this means that n, ., = n, + 1, and so

N1 =N +1=>k+1,
by the induction hypothesis.
3.11 Theorem If the sequence {x,} converges to x if and only if all its
subsequences also converge to x.
Proof: Suppose that the sequence {x, } converges to x and {xy, } is a subsequence

of {x,}. We must show that the sequence {xy, } is also convergent to x,

this means that lim x, = x.
n—oo

Since {x,} converges to x then Ve > 0 there exists k € N such that d(x,,x) <
g for all n = k and since {n,} is a strictly increasing sequence then (by Lemma
3.10) wegetn,=>2m VYmeNand if m>k = k<m<ny, thenn, > k. It

follows that Ve > 0 3k € N such that d(xnk,x) <¢ foralln, = k.

3.12 Example The sequence {x,,} = {(—1)" (1 — ni)} diverges.

Solution: The sequence {x,;} = {(—1)% (1 — i)} is a subsequence of {x,},

1 1
then  xyy = 1— - converges to 1, and {xyesr) = ((—1) (1 - 1))

34



1
2k+1

is a subsequence of {x,}, then  Xyp4q = — 1 converges to -—1.

Thus, (by Theorem 3.11) we get {x,,} does not converge.

3.13 Definition A sequence {x,} of real numbers is said to be bounded if

there exists a real number M > 0 such that |x,| < M for all n € N.

3.14 Example A sequence {x,} = {(—1)"} € R is bounded since there exists
M =1 € R such that |[(-1)"| <1 vn€eN.

3.15 Remark Every convergent sequence is bounded but the converse is not

true.

3.16 Theorem (Bolzano-Weierstrass Theorem) Every bounded sequence in

R has a convergent subsequence. [HW]

Cauchy Sequences

3.17 Definition Let (X,d) be a metric space. A sequence {x,} c X is said to
be a Cauchy sequence if, for every € > 0, there exists a natural number k such
that d(x,,, x,,) < € whenever m,n > k.

We sometimes write this as d(x,,x,,) — 0 as m,n — oo.

3.18 Example In ((0,1),d), the sequence {ni} is a Cauchy sequence.

Solution: Let ¢ > 0 be given. Take k > % Then for n = k we have that ni < 25
Therefore, for all n,m = k we have

1 1 1 1 & &
=2 <o B <55
(n: m) n m _n+m 2+2
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3.19 Theorem A convergent sequence in a metric space is a Cauchy sequence.
Proof: Let {x,;} be a sequence in a set X with metric d, and let x be an element

of X such that lim x,, = x. Given any € > 0, there exists some natural number
n—oo

k such that d(x,,x) < 25 whenever n = k. Consider any natural numbers n
and m such that n = k and m = k. Then d(x,, x) < Zfand d(x,,x) < 25
Therefore  d(x,, Xm) < d(x,,x) + d(x, x,,) < 2£+ 25 = &

But the converse of this theorem is not hold. See example 3.20

3.20 Example Let (R — {0}, d) be a usual metric space, then the sequence {%}

is a Cauchy sequence in R — {0}, but not convergent in R — {0}, since % is

convergentto 0 and 0 € R — {0}.
This example tells every Cauchy sequence is not convergent sequence in (X, d)

in general.

3.21 Remark In R a sequence converges if and only if it is a Cauchy

sequence. But in (X, d) every convergent sequence is a Cauchy sequence.

3.22 Example Let (R,d) be a metric space and {nTH} c R. prove that the

n+1) .
sequence {T} 1sa Cauchy sequence.

Solution: Let ¢ > 0 be given, to find k € N such that Vn,m = k then
d(x,, x,,) < €. (By Archimedean property) € > 0 and 2 € R then there exists
k € N such thatke > 2 = k > %NOW, ifn,m >k then %<§ and %< 2

n+1 m+1 1 1 1 1 & &
Therefore d(x,,x =|———|:|———|<|—|+|—|<—+—:g_
f (n: m) n m n ml ™ In m 2 2
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Complete metric space

3.23 Definition A metric space (X,d) is said to be complete if every Cauchy

sequence in X is convergent to a point in X.

3.24 Example Any set X with the discrete forms a complete metric space.
Solution: Let {x,} be a Cauchy sequence in the discrete metric space X.

Then d(x,,x,,) =0, if x, =x, and d(x,, x,,) =1, if x, # X,,. On taking
0 < & <1 in the definition of Cauchy sequence, we obtain d(xp, Xpm) <
e vnm=k 1

Using the definition of the discrete metric space. (1) yields d(x,,x;) = 0 for
each n then x, = x;, as n — o. Hence discrete metric space X is
complete.

3.25 Example Let X =]0,1[ and let d(x,y) = |x —y| V x,y € X, then show

that (X, d) is an incomplete metric space.
Solution: Let {x,} be a Cauchy sequence in X defined by x, = % vn € N.

Then as shown in example 3.18 and 3.20, {x,} is a Cauchy sequence in X and
{x,} cannot convergent to any point of X. Hence (X, d) is an incomplete metric
space.

3.26 Theorem If (X,d) is complete and D c X is closed then (D,d) is a
complete metric space.

Proof: Since (X, d) is complete metric space then any Cauchy sequence in X is
convergent to a point in X, and since D is closed then by (Theorem 2.37) we
get D contains all its limit points = V Cauchy sequence in D its convergent to
a point in D. Hence (D, d) is complete metric space.

3.27 Theorem Every Euclidean space is complete. [HW]
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“Compactness”

History and motivation

The history of what today is called the Heine-Borel theorem starts in the
19th century, with the search for solid foundations of real analysis. Central to
the theory was the concept of uniform continuity and the theorem stating that
every continuous function on a closed interval is uniformly continuous.
Dirichlet was the first to prove this and implicitly he used the existence of a
finite sub-cover of a given open cover of a closed interval in his proof. He used
this proof in his 1862 lectures, which were published only in 1904. Later
Eduard Heine, Karl Weierstrass and Salvatore Pincherle used similar
techniques. Emile Borel in 1895 was the first to state and prove a form of what
is now called the Heine-Borel theorem. His formulation was restricted to
countable covers. Pierre Cousin (1895), Lebesgue (1898) and Schoenflies
(1900) generalized it to arbitrary covers. The term compact was introduced by

Fréchet in 1906.

3.28 Definition (Cover of a set) Let (X,d) be a metric space and A < X. Let
G = {Ag}aen be a collection of open sets in X, then G = {A,} e IS said to be

an “open cover” or an “open covering” of A if A S UgepAx-

3.29 Definition A metric space (X,d) is said to be compact if every open
covering G of X has a finite sub covering, that is, there is a finite sub collection

{A1,A,, ..., Ay} € G suchthat X = UL, 4;.
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A set A S X of a metric space (X, d) is compact if every open cover of A has a
finite sub-cover of A.

Le. Ifc/q - UiEAAi — A C U?:lAi-

3.30 Example (0,1) € R is not compact in a usual metric space (R, d).

Solution: Let G = {Aoc - (iz) x€E N} - {(1,2), (%2)(1 2), } be an

3)
open cover of (0,1). Hence (0,1) S Uxen (i,Z). We need to show that this

open cover G of (0,1) has no a finite sub-cover of (0,1). By contradiction

assume that (0,1) € UX_, (i,Z) =(1,2) U (%,2) U..uU (%, 2) = (%,2), but

1 . e 1 1
from 0 up to - there are several (in fact infinite number s.t < <

%, there fore (0,1) & (% 1) = (0,1) & Us=s (iz)

Which mean that (0,1) is not compact.

3.31 Example In any metric space (X, d). Every finite sub-set of X is compact.

Solution: Let A = {a;: 1 < i < n} be a finite sub-set of X, and G = {A;};ep be

an open cover of A this means that A S U;c, A;. We must to show A <
i=1 A

Then for each a; € A, there exist an open set A; € G such that a; € A; Vi =

1,2,...,n. Then the family {A;:1 <i<n} is clearly a finite open cover of

A consisting of member of G. Then A € A;UA, U ...UA, = A< UL, A4,.

Hence A is a compact set.

3.32 Example R is not compact with a usual metric.

Solution: Let{A,}qepn = {(—, a)}qen be an open cover of R,
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this means that R € Ugen(—a, a). We need to show that this open cover
{Ay}aen of R has no a finite sub-cover of R . By contradiction suppose this
open cover {Ag}qen has a finite sub-cover {Ay}qen when A = {1, 2, ...,Kk} then
RS UX_, A, But U_(—a,a) = (-1,1) U (=2,2) U ..U (=k k) = (—k, k),
since k € R and k & (=k, k) then R & UX_,(—a,a). Then the finite sub-

cover is not cover R. Hence R is not compact.

3.33 Definition Let (X,d) be a metric space. We say that A S X is bounded
if there is an open ball A € B,(x). (ieif 3k >0 s.t d(x,y) <k Vx,y € A).

3.34 Theorem Every compact set is bounded.
Proof: Let A be compact, for each x € A, let B, be a ball of radius 1 with
center x. Then the collection {B,:x € A} of open sets that cover A. Hence

there must be a finite sub-cover say as, By , By, ..., By, that covers A = A <

iz1 By, = A is bounded.
3.35 Proposition: Let (X, d) be a metric space and A € X. Then a point x in a
metric space is a limit point of A if and only if there is a sequence of distinct
points {x, },en in A such that x,, > x asn — oo, [HW]

3.36 Remark Any compact metric space is complete.

3.37 Theorem Let A be a subset of the metric space (X,d). If A is compact,
then A is a closed subset of (X,d).
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Proof: Let x € X be an arbitrary limit point of A. Then by proposition 3.35,
there exists a sequence {x, },ey In A converging to x. In order to prove that A
is closed we must show that x € A. Since {x,},en IS convergent sequence in A,
it is a Cauchy sequence in A. Since A is compact, then A is complete. Hence
{x, }nen cOnverges to a point in A and this point is clearly x. Thus x € A. Since
x is any limit point of A, so all limit points of A belong to A and hence A is

closed.

3.38 Theorem Every closed subset of compact set is compact.

Proof: Let Y be a compact subset of a metric space (X,d) and A be a closed
subset of Y, relative to X. To show that A is compact. Let G = {A,: a € A} be
any open cover of A, then then G* = {A,: a € A} U {X — A} is an open cover
of Y. Since Y is compact, hence it has a finite sub- subcover. Say Ag Az Ag
X—A, so that Ay, UA, U .. Ay, U(X —A) =X and so A SU{A,:i=
1, 2,...n} = {Aai:i =1, 2,...n} is a finite sub-cover of A. Hence A is

compact.

3.39 Theorem (Sequentially compact) Let (R, d) be a metric space and A <
R is said to be compact if and only if every sequence in A has a convergent

subsequence in A . [HW]

3.40 Example Show that weather the open interval (—1,1) € R is compact

or not?
Solution: If {x,}={1 —%} is a sequence of (—1,1) and {n,} = {2k} is

increasing sequence then {xnk} ={1- %} is a subsequence of {x,,}.
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Since xp,,, = 1—i—> 1¢(—1,1)ask —

then the subsequence {xnk} of {x,} has no convergent in (—1,1). Thus by

above theorem we get (—1, 1) is not compact.

3.41 Theorem (Cantor nested interval theorem)
For each n € N, let I, = [a,, b,] be a non-empty closed bounded interval of
real numbers such that LoL>oIgo>-D2Il, D,y and

lim b, —a, = lim [(1,) = 0, where [(I,) denotes the length of the interval
n—-oo

n—oo

I,. Then Ny -, I,, contains precisely one point.

3.42 Theorem (Heine-Borel theorem)

Every closed and bounded interval on R is compact.

Proof: Let I, =[a,b] =[a;, b;] be a closed and bounded interval on R.
Suppose that 1, is not compact. Then there exists an open cover G =

{A,: a € A} of I, which has no finite sub cover. Bisect I; into two equal closed

intervals I, = [al,al;rbl] and I, = [alTerl,bl]. Then by our hypothesis, at

least one of these two intervals must have no finite sub-cover of the open
cover G. Let that particular interval be denoted by I, as follows: I, = [a,, b,],

where I, = I, or 1,, . As before, Bisect I, into two equal closed intervals

a+b, a+b,

land I, = [

I, = [ay, , b, ] at least one of these two intervals which
has no finite sub cover and obtain I; = [as, bs], where I3 = I,; or I,,. On
repeating the above process an infinite number of times, we arrive at a
sequence of closed intervals I,1,,15,...,1,, ... and satisfying the following

conditions:

42



. LoLo>oLo>---D2l,D2L,1Diel,Dl,,; VneN
ii. I, =[ay, by,]isaclosedinterval Vn €N

iii. ~ lim l(I,) = 0, where [(I,,) denotes the length of the interval I,
n—->0o

iv. I, is not covered by any finite sub-family of G.

We obtain the sequence of closed intervals {I,},cn Satisfies all the conditions
of Cantor nested interval theorem, and hence there exists a real number x €N
{I:nm€N}LThen x €I, ¢, cU{A,: a € A} so that x € A, for some a, EA.
Since Ag, is open, there exists € > 0 such that (x —¢&,x + €) € A, . Now we
can take n so large that I,, € (x — &, x + €) € A,, , whence I, is covered by a

single member A,  of G. But this contradicts the fact that G has no finite

subcover of 1,. The theorem is thus proved.
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Exercises:

Q1: Show that the following sequances are convergent with a usual metric

1
1. {Z_n}neN
D"
n

1
3. {—nen

4. (W\n+1—Vn},en

2. (14 (= nen

Q2: Show that (R, d) is complete metric space.

Q3: Show that (Q, d) is not complete metric space.

Q4: Show that § = {%,n € N} U {0} is compact in a usual metric space(R, d).

Q5: Show that Z and R are not compact with a usual metric.
Q6: Show that weather the closed interval [0,9] € R is compact or not?

Q7: Show that [1,©) € R is hot compact with a usual metric.
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