Second Semester - Chapter Twa

Chapter2 - Integration
Definition: F(x)is an antiderivative of f (x)if :—X[F(x)]:f (x) and we write

jf (x)dx =F(x)+c and we say that the integral of f (x )with respect to x is equal
F(x)+c with respectto X .

Examplel: _[x3dx _1y4ic because a Loeloxe
4 dx | 4
1,1, 1, 1,1 . 3
In fact, ZX ’ZX +2’ZX _4’ZX +§ are all antiderivatives of x °, because they

all differentiate to x 3.

My r+l r+l
1.d— X }zxr . r=-1. Ix'dx={x }+c
dx | r+1 r+1
2. d—_ex}zexi f e* dx =e* +c 3. d—[eax}:aexi 6™ dx = Ze* +c
dx - dx a
d r b*
4. ~[b*]=(nb)* 1: [b* =
b ]=@nb)p*, b>0,b=1: [ b iy
5.d—_bax]=a(lnb)bx,b>0,b¢12 jbaxz b” ¢
dx - a(Inb)
d 1. 1
6. d—x[ln|x|]=;. I;dx=|n|x|+c
d f'(x) . f'(x)
7. d—xl:ln|f (X)|:|:m,f(x)¢0. J. mdx :|n|f (X)|+C

8. OI—[sin x]=cos X . Icosx dx =sinx +c¢
dx

0. d—[cosx]z—sinx : jsinx dX =—COSX +C
dx

d .
10. d—[tanx]zseczx : Iseczx dx =tanx +c
X

d )
11. d—[cotx]z—csczx : fcsczx dx =—cotx +c
X

d .
12. d—[sec x ] =secx tanx jsecx tanx dx =secx +c
X

d .
13. d—[cscx]:—cscx cotx . _[cscx cotx dx =—CscX +C
X
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14, OI—_sinlx]z . _[ X gintx 4c
dx - V1-x2 N

15. %:tanlx}:l+lxz : I 13);2 =tanx +c¢
d B -1 1 . dX -1

16. —|sec?*x |=— =7 | —=—— =sec'x +cC
dx - | IX|Vx -1 I x|Vx -1

Teorem: Suppose that f (x ) and g (x ) has antiderivatives. Then for any constants a
and b,

j [af (x)+b g(x)] dx :ajf(x)dx ibj g(x) dx

1
Example 2: Evaluate IF dx .
X

)
Solution J.igdx ZEJ'X%dX :1 L 4C=— 12 +c
2X 2 2| -2 X
Example 3: Evaluate I(xg —2X +7) dx .
Solution

I(x3—2x +7)dx =Ix3dx —Zdex +7jdx :[XT:}—Z{X—;}+7X +C =%x4—x2+7x +C

Example 4: Evaluate J.(x 2B _4x V5 4 4) dx .
Solution

I(x2/3—4x’”5+4) dx ='fx2/3dx —4jx’”5dx +4Idx (X2 -4 X +4x +C
53| | 4/5

:gxs/?’ —5x® 4 4x +c

Ay oy

Example 5: Evaluate J.(
Solution

N R IRt

y 3/2

3 8
=28y Sy ZyI e
y 4y 3y

Example 6: Evaluate J.x’/3(2—x2) dx .
Solution
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j'xl/3(2_x2)dx =j(2x”3_x7/3)dx :ZIXVSdX _J.dex ZZ{X_%}_[XN/S}_C
43 || 1073

3
2 10

x 103 4 o

"+2x% -1
Example 7: Evaluate _[— dx
X

Solution

J‘%X_ldx (x +———}jx _dex +2_[x “dx — Ix

X 2 Xt X 1 2 1
=|—|+2| — |- +Cc==x"? ——+—5+C
2 -1 —3 2 X 3x3

Example 8: Evaluate j(3cosx —ljdx :
X

Solution I(3cosx —Xi)dx =3J'cosxdx —J'dex =3sinx —In|x|+c

dx =2In‘x2+4‘+c =2In(x2+4)+c
+4

X+
2X

dx =2IX .
Example 10: Integrate I «/e_xdx :

Solution .[ JeXdx =.[ (ex)mdx =_[ X/ = L e*12 4¢ NS,

1/2
Example 11: Evaluate j[ jdx .
e’ +3
Solution: J'[ ° de =In =In(e* +3)+c
e” +3

Example 12: Evaluate Icotxdx :

COSX
sinx
Example 13: Evaluate Jez'”xdx .

Solution .[cotxdx =J' dx =Insinx |+c

Solution Iez'”xdx =Ie'”xzdx =Ix2dx =%x3+c

X +1
Example 14: Evaluate j—dx

X +2X +5
Solution
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_[ X +1 —_J x+1
X2+2x +5 X 2+ 2X +5

dx =%In‘x2+2x +5/+¢

Example 15: Evaluate J‘gdx

e’ +e
e’ —e™”
Solution I ———=1n " =In(eX +e‘x)+c
e’ +e
Example 16: Evaluate j[lnex +Ine™ }:Ix :
Solution

J'[IneX +Ine™ Fix =j.ln(ex.e’X Jix =Iln(e°)jx =IIn(l)dx =_[de =cC
Example 17: Evaluatej[4sinx +2cosx ]dx
Solution

I[4sinx +2c0sx | dx =4Isinxdx +2_[cosxdx =-4cosX +2sinX +c
Example 18: Evaluate J‘secx (tanx +cosx ) dx .
Solution

.[secx (tanx +cosx ) dx —Isecx tan xdx +Isecx cosxadx —jsecx tan xdx +J' cosxadx

COS X
:jsecx tan xdx +J'dx =SeCX +X +C

Example 19: Evaluate I X dx
COSX
Solution: J-sm2x dx =IM dx = ZIsin xdx =—2C0SX +C
COSX COS X
Example 20: Evaluate I dx
cos® X
Solution _[ szx dx :J(smx j( ! jdx :jtanx secxdx =secx +c
COS” X cosX J\ cosx
Example 21: Evaluate I[l+ sin? 6’0306’} do .

Solution

j[1+sm Ocsco|do= J’d9+jsm 6’(5';9}19=9+Isin0d9=6?—cosé?+c

Example 22: Evaluate j— dx
1+sinx

Solution
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_I 1-sinx dx :J- 1—si|n2x dx :J-1—5|2nx dx :J- 12 3 S|n2x dx
(1+sinx )(1-sinx) 1-sin®x Cos” X cos“X  €OS” X

-[1+smx

:I sec’ X —Secx tanx)dx =tanx —secx +cC

Example 23: Evaluate Itanzx dx

Solution
jtanzx dx =I(sec2x —1) dx =tanx —x +¢

(X
Example 24: Evaluate Jsmz (Ej dx

Solution
J'sinz(xgj dx =J%(1—cosx)dx =%[x —sinx |+c

Example 25: Evaluate Ide

J1-x2

Solution

Ld =4 4dx_4sm '(x)+c

\/1—7\/17

dx

Example 26: Evaluate _[ 2
4% % +

Solution
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Integration by Parts

Integration by Parts is based on the Product Rule

[F()eg(X)] = f(X)eg'(x)+g(x)e F'(X)

So, the Integration by Parts formula can be written as:

ju dv=uv—jv du

Example 1) Solve the integral F(x) =[x cos xdx
Solution

F(x) = [ x cos xdx

u=x dv = cos xdx
du =dx Vv = sinxadx

F(x) = xsinx —[sinxdx

F(x)=xsinx+cosx+C

Sample 2) Solve the integral F(x)=[x"e*dx
Solution

F(x)=[x*¢*dx

u=x* adv =e*dx
du = 2xadx v =e'dx

F(x) = x*¢* —[2xe*dx
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u=2x dv =e*dx
du = 2dx v =edx

F(x) = x*¢* —2xe* +[2e*dx

F(x)=x’¢" —2xe* +2¢* +C

Example #3

jlnx&x

This seems a bit more confusing since it only looks like there is one "part" to the
integration. However, the one part we do see would certainly be easier to deal with if
differentiated. Here is the trick to use:

r’XQMX" x+C
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Integration by Partial Fractions

Problem Statement: Evaluate j %X;dx , Where p and g are polynomials
q(x

with no common factors. So p(x)=a,x"+a, X" +---+a,,a, #0, and

q(x)=b,X"+b, X" +---+b,b, #0.

Step O: If n>m, divide the fraction out (using long division), obtaining a

quotient Q and a remainder R for WhichM =Q(x)+ M and the
a(x) a(x)
degree of R is smaller than the degree of g.
Notice that Q is a polynomial and therefore easy to integrate. The

. . R(X ) .. .
problem is how to integrate % Partial Fractions is a technique that
q(x

applies to this situation.

Linear Factor Rule: For each factor of the form (ax+b)™, the partial fraction
decomposition contains the following sum of m partial fractions:

A LA A

ax+b  (ax+b)? " (ax+Db)"

where A, Ay, . . ., Ay are constants to be determined.

1
Quadratic Factor Rule: For each factor of the form (ax® +bx+c)™, the partial
fraction decomposition contains the following sum of m partial fractions:

Ax+B, Ax+B, A x+B,
2 to 2 7Tt m
ax“+bx+c (ax®+bx+c) (ax® +bx+c)

where Ay, Ay, . . ., Am, By, Bo, ..., By are constants to be determined.

4x% +2x° +3x—4

2x% +x-1 ax

Example 1: Evaluatef
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Solution: (The key to recognition is that the integrand is a ratio of polynomials. Next
compare the degrees of the numerator and denominator to ascertain if Step 0 is
necessary.)

AX®+2x° +3x—4 5x—4
Step 0: —— - =X

2X°+x-1 2X°+x-1
(In terms of the above notes, p(x)=4x’+2x*+3x—4andq(x)=2x*+x-1.S0
Q(x)=2xandR(x)=5x—4.)

3 2 _ _
,[4X +2x% +3X 4dx:j{2x+ 5x —4 }dx

(Algebra)

2x% +x-1 2x% +x-1
:.[2xdx+_|‘#dx:x2+_[52x—_4dx
2x°+x-1 2x°+x-1

(This last integral is the integral that the technique of Partial Fractions can be applied.
Notice that the degree of the numerator R(x) =5x—4is one and the degree of the

denominator q(x) = 2x* + x—1is two. That the degree of the denominator is larger than
the degree of the numerator is the critical issue.)

Step 1:2x* +x—1=(2x—1)(x+1) (Factoring)

Step 2: ‘E;X_A' x4 __A B (Most general PF decomposition)
2x*+x-1 (2x-1)(x+1) 2x-1 x+1

Step 3: 5x—4 = A(x+1)+B(2x-1) (Clearing the fractions)
5x—4=(A+2B)x+(A-B) (Algebra)
A+2B=5

Set corresponding coefficients equal.
A_B—_4 ( p g qual.)

(Now solve this system of equations using Algebra. You may need to review how to do
this. This system is solved below to refresh your memory, but in the following examples,
the system will not be explicitly solved since you should know how to do this.)

A+2B=5--—Eq.l
A-B=-4-——Eq.2

3B=9 (Subtract Eq.2 from Eq.1to eliminate the variable A)
B=3 (Algebra)
A=B-1=3-4=-1 (Substitute into one of the two equations.)
(Write the Partial Fractions decomposition by applying the results of Step 3 to Step 2.)
5x—-4 -1 3

= +
(2x-1)(x+1) 2x-1 x+1
Step 4: (Returning to the integral, substitute the PF decomposition into the integral.)

P | P
2X°+x-1 Xx+1 2x-1

= 3j£ [ (Properties of the integral)
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L u=x+1 v=2x-1
Use the substitutions an )
du = dx dv = 2dx
_gfdu_1pdv
u 27 v

~3injul—In|v|+C

=3In|x+]4—lln|2x—ﬂ+c

(Integration formulae)

(Substitute for u and v)

(This is just the evaluation of the mtegral_[ ox—4 1dx.To complete the solution,
2X% + X —
return to Step 0.)
3 2 _ _
J-4x +22x +3X 4dx:x2+j 52x 4 dx
2xX°+x-1 2x°+x-1

= +3In[x+ - ZInf2x4 +C

Example 2: Evaluatej.gd
X® +4X

Solution: (Since the degree (1) of the numerator is smaller than the degree (3) of the

denominator, there is no Step 0.)
Step 1: X +4x* =x*(x+4)

x—12 x—12 A B C
A axe X* (x+4) X X x+4
Step 3: x—12=Ax(x+4)+B(x+4)+Cx*

Step 2:

= AX® + 4AX + Bx + 4B + Cx?
=(A+C)x*+(4A+B)x+4B
A+C=0
4A+B =1
4B=-12
B=-3,A=1C=-1
x-12 = x-12 _1+—_3 -1
X3 + 4x3 x2(x+4) X X x+4
x—-12 1 -3
Ste 4 = dX: —_t —
P J.x +4x° -[xz(x+4) I{x X2
:J'%_3J'X*2dx_ _ax
X X+4
L u=x+4
Use Substitution
u =dx

(Clearing fractions)

(Algebra)
(Algebra)

(Set corresponding coefficients equal.)

(Solving the system of equations)

+ _—1}dx

X+4
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-1
:In|x|—3[X—J— du
-1 u

=In|x|+3x™" = Inju|+C
=In|x|+3x™" —In|x+4]+C
3x-17

Example 3: Find J- ————— dx.
X®—2x-3

x* —2x—3=(x—3)(x+1) = using the Linear Factor Rule, we get

3x-17  3x-17 A

- = = + = 3x—17 = A(x+1) + B(x—3) after
X°=2x-3 (x=3)(x+1) x-3 x+1

multiplying by (x—3)(x+1). If we let x=3, then —8=4A= A=-2; if we let

Xx=—1, then —20=—4B= B=5. Thus, I B U
X" —2x-3
3T oo —L ks —dx——2ln|x 3|+5In|x+1+C.
(x=3)(x+1) X—3 X+1
Example 4: Find j 23)(—_4dx.
X —4x+4

X* —4x—4=(x—2)(x—2) = (x—2)* = Dby the Linear Factor Rule, we get

3x—-4 3x-4 A B

= 3x—4 = A(x—-2)+ B after multiplyin
X2 —4x+4 (x-2)2  x- 2" (x—2)? (x=2) piying

by (x—2). Ifweletx=2,then 2=B; ifweletx=3,then 5=A+B=A+2=

A=3. Thus,j LS BV —dx+2j dx =
X*—4x+4 (x—2)?

3in|x-2|-—2_+c.

2 —
Example 5: Find I 4X+—X22 dx.

x3 —x
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x® —x? = x?(x—1) = using the Linear Factor Rule with both x* (multiplicity of

4x* +x-2 4x*+x-2 A B C
- = =t — =
X x-1

linear factors) and x — 1, we get = =4+
) J —x? x*(x-1) x x°

4x% + x—2 = AX(x—1) + B(x —1) + Cx?after multiplying by x*(x—1). If we let
x=0,then —2=B(-1)=B=2;ifweletx =1, then C=3; and, if we let x = 2,

then 16 =2A+B+4C =2A+2+12=2=2A= A=1. Thus,

2 —_—
J. 4)(3+—X22dx=-‘-1 dxjtz".izdx+3j.i dx:ln|x|—g+ 3In|x-1|+C.
X" =X X X x-1 X

2
Example 6: Find 7X+—X2+2 X
(x=1)(x" +1)
Using both the Linear Factor Rule and the Quadratic Factor Rule, we get

IX+x+2 A L Bx+C
(x=D(x*+1) x-1 x*+1

= 7x° +Xx+2=A(X*+1) +(Bx+C)(x-1)
after multiplying by (x=1)(x*+1). If we let x=1, then 10=2A= A=5;

ifwelet x=0,then 2=A-C=5-C=C=3;andifwelet x=2,then 32 =

TX*+X+2 -
(x=1)(x* +1)

idx+J‘ 2)2(+3dx=5 idx+J- 22x +3I 21 dx =
x-1 X“+1 x-1 X“+1 X“+1

5A+2B+C=25+2B+3=2B=4=B=2. Thus,

5In|x —1| + In‘ x2 +1‘ +3tantx+C.

5x2 +11
(X* +1)(x* +4)

Example 7: Find J.
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2
25X +%1 = A):JFB +C>2<+ D = 5x? +11=(Ax+B)(x* +4) +
(X*+D(x“+4) x“"+1 x°+4
(Cx+ D)(x* +1) after multiplying by (x> +1)(x* +4).
If we letx =0, then 11=4B+D;
if welet x=1, then 16 =5A+5B+2C+2D;
if we let x=-1, then 16 =-5A+5B—-2C +2D;

and if x=2, then 31=16A+8B+10C +5D.

If we add the equations 16 =5A+5B+2C +2D and 16 =-5A+5B-2C +2D,

we get
32 =10B +4D = combining this equation with 11=4B+D,

we get
B=2and D=3.
If we subtract the equations 16 =5A+5B +2C +2D and

16 =-5A+5B-2C+2D,
we get 0=10A+4C = 2C =-5A = combining this
equation with 31=16A+8B+10C+5D, B=2,and D =3,

we get 31 = 16A +16-25A+15=A=0=C=0.
Thus,
5x% +11 J‘
2 2 X=2
(x“+D(x“ +4)

3_[ 1 dx:2tan‘1x+§tan‘15+c.
X% +4 2 2

dx +

x?+1

dx.

Example 8: Findj 41 5
X" +X

Lo AL D A+ B D)+
XT+Xx° x°(x*+1) x X X“+1

(Cx+ D)x? after multiplying by x*(x*+1). If we let x=0, then 1=B. If we
let x=1,then 1=2A+2B+C+D=2A+C+D=-1. Ifwelet x=-1, then
1=—2A+2B-C+D=-2A-C+D =-1=adding this equation to the equation
2A+C+D=-1,wegetD=-1. Ifwelet x=2,then 1=10A+5B+8C+4D =

0=10A+8C. Taking the equations 0=10A+8C and 2A+C =0, we obviously

getthat A=0 and C =0. Thus,J‘ 41 ZdX:J-izdx—J' 21 dx =
X"+ X X X +1

_—1—tan‘l X+C.
X
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2 2
HW:- 1- Lﬁ*‘l dx 2- L‘?’X“" dx
(x—1)(x? +4) X(x +2)?
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Integration by substitution

The method of substitution is a method for algebraically simplifying the form of a
function so that its antiderivative can be easily recognized. This method is intimately

related to the chain rule for differe- ntiation. For example, since the derivative of e* is

d o7 o
Sle |=e
it follows easily that
J'exdx =e” +cC
However, it may not be obvious to some how to integrate
j(Zx + 2)ex2*2“3dx
x2+2x+3
d
dx
Thus, it follows easily that
J‘(ZX +2)ex2+2x+3dx :ex2+2x+3+c

This is an illustration of the chain rule "backwards". Now the method of substitution will
be illustrated on this same example. Begin with

I(Zx +2)ex2+2“3dx

Note that the derivative of e can be computed using the chain rule and is

|:ex2+2x+3:| — (ZX + Z)ex2+2x+3

and let
U=x2+2x +3
then the derivative of u is
du

—=2X+2
dx

Now "pretend" that the differentiation notation j_u is an arithmetic fraction, and multiply
X

both sides of the previous equation by dx getting

du =(2x +2)dx

or
du _ dx
(2x +2)
Make substitutions into the original problem, removing all forms of x , resulting in
I(ZX +2)ex2+2x*3dx :I(Zx +2)e“ d—u:Ie“du N
(2x +2)

Of course, it is the same answer that we got before, using the chain rule "backwards". In
essence, the method of substitution is a way to recognize the antiderivative of a chain rule
derivative. Here is another illustraion of substitution. Consider
2
J- )(3 +1 Ix
X7 +3X
Let
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Then Go directly to the du part.
du = (3x 2 +3)dx = 3(x 2 +1)dx

u=x>+3x

so that
du

3(x 2 +1)
Make substitutions into the original problem, removing all forms of x , resulting in
_[ X% +1 :_[X2+1 du :ljd_”
X ° +3x 3(x*+1) 3°u

dx =

—lln|u|+c:lln‘x3+3x‘+c.
3 3

Example 1: Integrate Isec 2X tan 2xdx .

Solution: Let u =2x , so that du = 2dx .
Substitute into the original problem, replacing all forms of x getting

fsech tan 2xdx =%fsecu tanudu =%secu +C =%3e02x +C .

Example 2: IntegrateJ‘ sin®x cosx dx .

Solution: Let u =sinx , so that du =cosx dx .
Substitute into the original problem, replacing all forms of x getting

u’ sin®x
j' sinx cosx dx :f u”cosx _J' udu =" ¢ = +C.
COSX 3 3
Example 3: Integrate It43 3-5t°dt.
Solution: Let u =3—-5t°, so that du = —25t“dt .
Substitute into the original problem, replacing all forms of x getting
4
1 _ 3 4 4
Jt*y/3-5t°dt = ft* S PP, T M S STE B =—i(3—5t5)3+c
25t 25 25 4/3 100 100

Example 4:

4
Integrate [ ———dx
'[x V1+x?%®

. 2 &
Solution: Let u =1+x2%® , sothat du =§x Vidx =dx =

du .

Substitute into the original problem, replacing all forms of x getting

4 4 3K 1 :
et Ty ol =12 e 12
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J_ W
Example 5: Integrate dx
Jx

Solution: Let u =[x , so that du _ b o= gk sdx =2u du.

2Jx 2u
Substitute into the original problem, replacing all forms of x getting
NS u
j  _dx =I e—.2udu=2]e“du=2e“+c=2eﬁ+c.
Jx
Example 6: Integrate —dx :
P | Jx Y4 X

Solution: First note that

2 2
jx]/4+x dX :-[x]/4(1+x3/4)dx

Let y =1+x%* | so that dy =§x‘”“dx = dx =gx“dy .

Substitute into the original problem, replacing all forms of x getting

2 vy S

In|y|+c_ —In‘1+x3/4‘+c.

Jx”4 l+x3/4

Example 7: Integrate j

dx
JX +x
1

Solution: Let u :\/x_, so that du =de =—(dx

2x &

Substitute into the original problem, replacing all forms of X , getting

Jﬁl+xdx_ju+u du = j“udu 2InfL+u|+c = 2In‘1+\/_‘+c
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Inverse Trigonometric Functions, Related Integral
Here are the integration formulas for some of the inverse trig functions. We'll giving
extended versions of the formulas that you'd get if you use the method of substitution.

(1)‘[ ﬁZ%Sinl(%Xjﬁ‘c [a>0,b >0]
d 1., (b

@] az+—z“=£tan (ngw [a>0b>0]

()_[ MW —sec (b j+c [a>0,b >0]

For example, you can derive this sin™" formula from the formula

J' dx
W d d d
X _I X _I X

j b2X2 -] b? o) bx V)
) )
=§j dx — | use the substitutiony _x
J@(b:)ﬂ |

=sin'x +c¢ as follows:

. 1. b
—sm’1 +c==sin'| =x |+c
) b (a j

! oo i
Example 1:

Using the sin™* formula with a = 1and b= 3

'[ J1-9x2

Using the sin™ formula with a =~/3and b =2

IW——sm (ZX j+c

Using the sec™ formula with a =+/5and b =+/3

I|x|J§§* B UF’J%[@J

Using the sin™* formula with a = 5and b=3

3
'[ —sm1 X |+cC
»\/25 Ox 2 (5 j

=—sm '(3x)+c
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Using the tan™ formula with a=7and b =2
dx 1, (2
.[2— =—1tan —X [+C
4x“+49 14 7
sing

»\/1 cos?

Example 2: Integrate J.

Solution: Let u =cos@ , so that du =—sinéd @ or d9 =— d_ug
sin
Substitute into the original problem, replacing all forms of @, getting

sind du

Ji_u? sind Ul—u

—sin"'(u) +c =—sin"*(cos @) +¢

J~ sind@

\J1-cos? @

do=-[

4
Example 3: Integrate j—dx
5+2X +X

Solution: Complete the square on the quadratic. This gives,
B+2X +X =X+ 2X +1+4=(x +1)* +4
After completing the square the integral becomes,

j 4 ~dX =J' ——dx [use the substitutiony =x +1]
5+2X +X x+D)°+4

dy 1 4,y G X +1
=4| —"——=4| = |tan (%) +Cc =2tan (—) +¢C
I y2+4 (Zj (2) ( 2 )

Example 4: Integrate jz—dx
5+2X +X

Solution: Complete the square on the quadratic. This gives,
B+2X +X =X+ 2X +1+4=(x +1)* +4
After completing the square the integral becomes,

I i dx :j ai 4dx [use the substitution y =x +1]

5+2X +X° (x +1)° +

Ayl y 1
4J-y +4dy_4[-[y +4dy Iy2+4dy}

- Ejyf};‘ldy _Jy2+4 }:Zln‘y2+4‘—2tanl(%)+c

= 2In‘(x +1)° +4‘—2tan‘1(XT+1)+c =2In(x?+2x +5)—2tan‘1(x—+1)
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Integrals by Trigonometric Substitution

Integrals Involving the Form Ja?-u?, vVa?+u?, and Ju?-a’

A. Sometimes, you should make a u—substitution before you make a trigonometric
substitution.

J‘ V9 —4x?
de.

Example 1: Find

Let u? =4x* =>u=2x=du=2dx. Also,a’> =9—=a=3.

V9 —4x? V9 —4x? V9-u?
dezz TZdX:Z u2

du. Let u=3sind

where —%ses%. v9—u? =3cosd and du =3cosf d6 =

T
2J‘ \9 2u du=zj 3005‘9(:_30032%9)=2Icot29d0=
u (3sin @)
ZJ‘(cscze—l)d0=—2cot0—29+C=
2
—2{“9 - J—Zsin‘1(Ej+C= u 3
u 3
fo_ Av2
-2 ﬂ _Zsin_l(gj_FC: 0
2X 3
/ 2
_9—_4)(—25in‘1(§j+c. 9-u?
X 3
VX2 =4
Example 2: Find I dx.
X

Let x =2secd where 0<6 <7/ or 7r349<37f2. Then vVx%—4 =2tan@ and

J'_\/X2—4 dx=J‘ (2tan@)2secHtanHda)
X

2secd

dx =2secfdtan@ d&. Thus,

2"-tan2 6do= 2-..(sec2 0-1)do=2tan@—-26+C =

2 J—
2{ X2 4}—25ec‘1(§+c:\/x2—4—23ec‘1(9+c.




Chapter 5/ Integration

B. Sometimes, you have to complete the square before making a u—substitution or a
trigonometric substitution.

1

Example 2: Find j ——— X
4x° —8x+13

Complete the square for 4x*> —8x+13:
4x* —8x+13=4(x"-2x )+13
= 4(x? —2x+1)+13—4
= 4(x-1)*+9

4
Let u® =4(x-1)* =>u=2(x-1)=du=2dx. Also, a> =9=a=3.

Thus,"-%dx=j%dx=lj 21 du=
4x° —8x+13 4(x-1)°+9 2J) u"+9

L (U o= Lean 2x=1) +C.

23 3 6 3

Example 2: Find I\/15+6x—9x2 dx.

Complete the square for 15+ 6x —9x°:
15+6X—9x* = -9x* +6x+15

=—9(x2 —%x j+15

=—9(x2 —§x+éj+15+l

=16—(9x* —6x+1) =16 —(3x —1)*

Let u® =(3x—1)*> =>u=3x-1=du=3dx. Also, a’ =16=a=4.

Thus, I\/15+6x—9x2 dx=éj‘\/16—(3x—l)2 3dx =
E-“\/16—u2 du. Let u=4sin@ where —7730s7f . Then,
3 2 2
N16—u? =4cosé and du=4cosé dé. %J'\/16—u2 du=

%J-(4cos¢9)(4cose do) :%J' cos’6d d9=%0+%sin fcosf+C =
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§Sin_{gj+§(g)(@]+cz

3 4) 34 4

_ _ _ 2
§sinl(3X 1J+(3x 1)V15 + 6x — 9x LC ! 4
3 4 6

16 —u?
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Integrating rational functions of trigonometric expressions

Any rational function of trigonometric functions can be integrated by
using the substitution

X
z = tan(z)
2

1+2°

7
% o
1
in§ - 6 !
sinfl = ——, cosll = ——.
V1422 V14 22
so that
z 1 2z

sinz = 2sinflcosf = 2 -

VIt22 JItz22 1+2%
Of course, we obtained cosf as well using this calculation, that is, we found

that since 8 = /2,

cos(r/2) = —.

)= e
But the trigonometric identity cos2¢ = 2 cos? ¢ —1, valid for any angle ¢, means
that we can set ¢ = z/2 so that

cosx-?cosz(;{'/ﬂ)—l—Q( ! )2—1—1_;52
' V1+ 22 1422

Finally, we need to determine the new “dz” term. This is not difficult since
z = tan(x/2) implies that dz = (1/2) sec?(x/2)dx. But the trig. identity
sec?d — tan® = 1 valid for any angle ¢ means that we can set ¢ = /2 as
before. This then gives us

j_i = (1/2) 5392{'-5/{2} = (1/2)(1+ ta.n?[-_c/’Q}} — (1/2)(1 + ZE}.

From this and the Chain Rule we also get that

dx 2

dz 1+ 227
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1

Example FEvaluate the integral I = / dr.

decost — 3sinc

Solution: The integrand is a rational function of the sine and cosine function so
we can use the substitution in Table 1. Thus,

I o— / 1 (Zdz)
ey )

14z

1

2/4(1—z2)—3(2z) dz
1-2z

N _/z—l—?dz

2/5 1/5
- / { 1 _/2 ~ + Z _{_ 2} dz, (using partial fractions)

_ / s s
) z—(1/2) z+4+2
= —§10g|z—% —|—élog|z—|—2 + C,

4 11
= —E]og|tan(:;;,r’2] — §| + Elog|ta.n(;£/2) +2/+C.

1

2
Example FEvaluate / — dr.
0 2+sinx

Solution: Using the substitution z = tan(x/2), etc. we find that an antideriva-
tive is given by evaluating

/ 1 / 2dz
—_—dr = 5 |
J 2+sinx 2+ 2z 1+ =z

l—l—z

- /22—|—z—|—1 “




Chapter 5/ Integration

Iﬂ

— / ! dz
. (z—l—
Qz-l-l)

+
= Arcta,n (
— 2\3/_Arcta,11 ( (2 tan(z/2) + 1)) .

So the value of the given definite integral is given by

/Q;d;; = QV/_Arctan (\/g(Ztan( /2) + 1))
0 3 3

“[a “la 5

=2

2 +sinT

=0

2V3 V3 v
= = (Arcta.n (T{Z tan(1) + 1}) — Arctan (T))

7491454107

Pl





