Differentiation in Calculus | Definition, Formulas, Examples

THE DERIVATIVE
Definition
The derivative of a function f at a point x, written f ‘(x), is given by:

F — 1 T A0 )

Ax—0 Ax

if this limit exists.

1. Derivatives of uswalidvtietioEsmuies, examples

Derivatives
Basic Properties/Formulas/Rules
E(Cf“ ))=¢f"(x).cis any constant. (f(r}ig[x)] =f'(x)xg'(x)
d

— ) d )
d—(ﬁ:” } = nx"" . n is any number. d—[c) = 0. ¢ 1s any constant.
X RS

r

(fg) =f'g+fg — (ProductRule) i} _/'8=7/2" _ Quotient Rule)

o 2

O o

%(f(g(\})) = /'(2(x))g’'(x) (Chain Rule)
A () oo o E()
) g (e =)=

Common Derivatives

Polynomials

f?r - (f d d n n—1 d f n m—1
—(c)=0 —(x)=1 —(cx)=c —x )=nx —lecx” )= ncex
n’x[ } n’x( } n'x{ } rir( ) n'x{ )
ITrie Functions
i{Fsinﬁr):ccus:;.r i{ccns:; x}:—siux i{tauﬁ:]:s:;v.ec2 X

dx X dx

a d d 2
—[secx}zsecxtanx —{cscx]z—cscxcotx —{cotx}z—csc x

dx dx e
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Exponential/Logarithm Functions

Ha")=a"In(a) e)=e

d . 1 d 1 d .
—(In(x))=—. x>0 —(Infx{)=—. x=0 —(1 xX))=
—(ln(x))=—. 2 ol == x= - log, (x)) = ——
Example:-

(x*) = 4x* 1 = 4x3

1
(x*?) = 1/2x27" = 1/2x7 /2

S P
(3% )" = 3% In(3)

((2)) = G ()

dx dx

d
Example If y = ze?*sin z then find i
dx
dy _ 2r - 2xy - 2
T = 1(e™ sinx) + =(2e™) sinx + re ™ (cos x)
T
= e*[sinx + 2rsinz + z cos x|

Inx
Example Find the derivative of y =

Lxx=0



Solution
Here f(z) =Inx and g(x) ==

df 1 dg
1
. d_y_x(g)_l(]nm)_l—lnx
ence dr = [ﬂj]z = 2

Example 1 Differentiate each of the following functions.

e?f

A

(a) R(W,\r’ = 4" —Slog, w (b) f( 1) —3e" +10x" Inx (<) Y 3et 11

Solution
(a) This will be the only example that doesn’t involve the natural exponential and natural

logarithm functions.

-

R'(w)y=4"1In4 -

wln9

(b) use the product rule on the second term.

N,

¢ x 7 3 4 1
Six)=3e" +30x Inx+10x" | — ]
X

A

w

3¢ +30x Inx+10x°

(c) We’'ll need to use the quotient rule on this one.
Se”(3e"+1)—(5e")(3e")

Y= —
(3e* +1])

15e?" + Se” —15e?”

B (3e”+1)

-

Se”

(3e” +1)
Examples:- 1-
1 : . - .
(Inx _x_2+ 8) = (Inx) — (x72) + (8)

_ 1 s 5,.-3
= (—2x7°)+0

R R

2
+ =
x3




(3VxInx)" = (3vVx)Inx + 3v/x(Inx)’
1y — .
=3 (xZ) Inx + 3vx(Inx)
1
=3 Gxi_l) Inx + 3\:x§
1

3 1 _1
=X 2lnx + 3x 2

3.

N
(3\@) | (3vE) nx — 3vEQnxy 3 (%) tnx = 3VEnay
Inx ) -

(Inx)? (Inx)?
3 lx;_l Enx—?w"zl 1 1
_\z X 3x Zlnx—6x 2
(Inx)2 2(Inx)2

1
_ 3x 2(lnx-—2)
2(Inx)?

Chain Rule. The derivative of the composition of two functions is computed as a product of their
derivatives. To be precise: Let f(z) and g(z) be two functions and let (go f)(x) = g(f(x)) be their

composition.

Chain rule (version 1)

If h(z) = g(f(x)), then A'(2) = ¢'(fl(x)) f'(x)

Chain rule {version II)

I dy
If ¥ =glu)and v = fix), then Yy _ dy au
' de  du dr




Examples.

f(x)=In (x*+5)

¢ — i Ay R
&= x'+5 dX(X 5
4x°
¢ = .4_-3 =
f (X) X4+5 X X-I_I_S
f@=4mmVx =4mnx? [N
1 | 2
f'(x)=4 — —Xl/2 = =
(x) 2 2 X

Examples:-

1.

. 1 .
[hl(xz +2x + 1)] = m(.’fz + 2x + 1)

—— 1 (2x+2)

xZ42x+1

2x+2
xZ4+2x+1

[(Inx + 3x — e*)*] = 4(Inx + 3x — e*)3(Inx + 3x — e*)’

= 4(Inx + 3x — ex)3(%+ 3 —e¥)

[e¥"*]" = e*"* (xInx)

= e*"¥[(x) Inx + x(Inx)’]
= p¥inx (1. Inx + xi)

= ¥ (Inx + 1)



Example 9. Compute the derivatives of the following functions,

(a) y = (2" + )M (b) y = sina + 1 (¢) y=— :_2
=
(d) y = sin(a” + 1) (e) y = cos(secx) (F) y = (sinz)* + sin(x?).

Solution
{a) We start by computing the derivative of the power of 14 :
v =14z + P 4+ 1) = (2" + 1) 20 = 280 (2 4 1)

(b) Writing y = (sinx + 1)*/?, we get

b —

— Lisinzg 4+ 1)~ 2 (sine + 1) = S (sina + 1742 cos e = 5 cos x(sinx + 1)~ 12,

ﬁ-‘

(c)y=1(e"+ 2)~1: thus,

r...l‘“

yo= (=" +2)7 (" +2) = —e"(e +?)_'=—m.

(d) We start by computing the derivative of sin:
o = cos(z? + 1) (% + 1)) = 2u cos(a” + 1),

(e) v = —sin(sec z) (sec r)' = —sin(sec ) sec rtan r.

(f) We have to be careful about the order:
y' = 2(sinz) (sinz) + cos(2?) (2°) = 2sinx cosx + 2x cos(z”) = sin 2z + 2 cos(x”).

[n simplifying, we used the formula 2sinx cosz = sin 2.

Example 10. Compute the derivatives of the following functions.

(a) y = e*t? (b) y =In(sinz +2) (c) y =2%
(d) y =1In(z* + 3z + %) (e) y = "% 4 sin(e”) (f) y = secVa? + .
Solution

(a) y = ey 4 2) = 41



COs X

|
e —— (sinr 4+ 2) = ——.
{ ) sin x4 2

== :
(b) sinx + 2

(©) y =272 (3x) =3 2% In2

(d) As in (b),

1 20+ 346"

y = — 2 4 3e ") = = .
Y r* 4 3+ e f‘ ) r* + 3x + e

(e) ¥ = ¥ (sinz) + cos(e”)(e") = cosze® 7 4+ 67 cos(e”)
= sec rtan x. Then

2((x? + )2y
+x)" V20 4+ 1),

(f) Write y = sec(z® + 2)/? and recall that (sec z)’
= se-:(f + .:sl:]'“{2 l.al.u[f.cE + @e;j

= sec(x” —I—?}”'tan{ —I—!]lf%(

Example 5 Fj_nd V' for each of the following.
(a) X0 v +%‘t‘—81 +1 [Solution]
M) x’ tan( v)+1'%sec(x)=2x [Solution]

x*—In { .Tj-‘g ] [Solution]

('(.‘) e21+3_].' —

Solution
(@) x°v° +3x=81"+1

3x27 +5x° vy +3 =247

3x717 +3 =247y =557ty

3x707 +3 =241 —5x°y* )y
o 3x%°y 43
T 2497 —5x%y*

() x* tan( 1)+ v'%sec(x)=2x




2xtan(y)+x sec’ (1) ¥ +10371 sec(x)+ 1" sec(x)tan(x) =2

(x?sec” (1)+10v sec(x)) v =2—1"sec(x)tan(x)—2xtan(y)

y_ Tm sec(x)tan(x)—2xtan( 1‘1

-‘l" =

x?sec’ (v)+103° sec(x)

(©) e =x" —In(x’)

Solution:-

3 2_.r
5 : Vo 4+ 3y Y
eV (243" ) =2x—- A

X
3 L
Ix+3y x4y Vooo3xvy
2E_x+33| +3.Tre_x+33 =y —— S — . 3.
o
292.r+33' + %1"92“-3‘\. — 2_{,_1_ 3.1’
' X v

(37 +3y7 ) ¥ =2x —x7' —2eM

- Tr=3vy

o 2x —x7 —2eM
G 2 ) —
3e T 43y

Example 2 Differentiate v = x"

Solution
Iny=Inx*
Iny=xInx

Differentiate both sides using implicit differentiation.

\' ’ \'I
A :]11:r+.1'{ lJ:]n v+1
v X




As with the first example multiply by y and substitute back in for y.
V' =y(l+Ilnx)

=x" (1+Inx)

cos(X)

Example 3 Differentiate v =(1—3x)

Iny= hl[{]—;%:r)m[ﬂ =cos(x)In(1-3x)

Next., do some implicit differentiation.

V' ) .
— =—sin(x)In(l—3x)+cos(x
= —sin () In (1=-3%)+ cos (x) .=

- -=—sin(x)In(1-3x)—cos(x) . —331‘

Finally. solve for 1 and substitute back in for y.

V' =—y sin{.r}hl[]—3x}+co5{1‘}] 33 J
k —3x

= —(1-3x) [sin{x}hl{l—.’ir} +c05{:r}1 3% ‘
—3x )

Example

Suppose we want to differentiate y = In L= ,33 )
142z

dy -3 2
y=1In(1—3z)—In(1 + 27) dr  1-3z 1+2

dy —=3(1+4+2z)—-2(1-3z) -3-6r—-2+6x 5
dr ~ (1-3z)(14+2z)  (1-3z)(1+22)  (1—3z)(1+22)
Example

Suppose we want to differentiate y = z5"%.



Iny = Inz*"* Iny =sinz Inx
d d dy 1 dy
— (Iny)=—(Iny) x -==——
Iny =sinz Inx dx Y dr ydr
1dy _ 1 smr+ rinrcoszx
—— =sinr—+1Inz cosz =
ydx T T
dy (Sin;?: + 3:111:1?003:1?)
w Y |
T T
_ ngz (ST +rinzcosr
= T .
Example:-
1. y =z,

2. y = (sinx)*.

Solution:
Inz
L. Iny=—
Y %1’—111-1’_1—1113:
1 —-Inx 1 —Inx
I I .
y _y ;1?2 =T I'Q

2. Iny = xIn (sinx)

Y —n (sinx) 4+ x cotx
Y

r

y' =y {ln(sinz) +rcotx} =|(sinz)” {In (sinr) + rcot r}

Example:-

10




g 0 O

= In (y) = In(/%) In(x)
In (y) = (In(x))’

| § 1
v =2X 2(ln(x))xX
C1

= y In(x)

y' = {x =1 Hn(x)

Problem 1: Compute the derivative of y = ﬁin[:::'J‘-"“ﬁ':TJ.

In(y) = cos(x) - In(sin(x))

= E[n(m] = — [cos(x) - In(sin(z))]

dax
LAy )
= y e = —sin(z) - In(sin(x)) cm(l}-EiHT - cos(T)
dy _ —sin(x) - In(sin(x)) + cos(x cos(x
dz ~ ¢ () L ) () sin ))-

dy (o veos@ [ cinin (il PR S
E—(ﬁlﬂ(l} ) ( sin(z) - In(sin(x)) + cos(z) m-cu&-(m).

Problem:- compute the derivativesof the following function:-

(a) y = In /o + VInz (b) y = 1—:11.r
. ' I 4 ; )
[I'” '.f.f:f;i-|-.r?5+1cf I:'!-“') ‘r;::-“:.-:—‘:(“'::l:lrl]ﬂnz.‘:l {r:] I(I}ZQL

11



