Exact Equation

A differential equation of type
P(z,y)dz + Q(z,y)dy =0

is called an exact differential equation if there exists a function of two variables u (z, y) with
continuous partial derivatives such that

du (z,y) = P(z,y)dz + Q (z, y)dy.
The general solution of an exact equation is given by

u(z,y) =C,

where C is an arbitrary constant.

Test for Exactness

Let functions P (z,y) and Q (z, y) have continuous partial derivatives in a certain domain D. The
differential equation P (z, y)dz + Q (z,y)dy = 01is an exact equation if and only if

8Q P

9z oy



Algorithm for Solving an Exact Differential Equation

1

3

First it's necessary to make sure that the differential equation is exact using the test for

exactness:
2 _op
dr  dy
2 | Then we write the system of two differential equations that define the function u (z,y) :

{% =P(z,y)

% =Q [I:—F]-

Integrate the first equation over the variable x. Instead of the constant €', we write an unknown

function of y :

u(z,y) = fP{z,y]ir + 1 (y)-

Differentiating with respect to y, we substitute the function u (z, y)into the second equation:

&2 |[Peviz+ o]~

From here we get expression for the derivative of the unknown function ¢ (y) :

¢ (y) =Q(=y) - ﬂ% (fpfzmiif)-
By integrating the last expression, we find the function ¢ (y) and, hence, the function u (z,y) :
u(@y) - [PEviz+ew).

The general solution of the exact differential equation is given by

u(z,y)=C.

MNote:

In Step 3, we can integrate the second equation over the variable yinstead of integrating the first
equation over x. After integration we need to find the unknown function ¥ (z).



Example 1.
Solve the differential equation

2zydz + (2* + 3y )dy = 0.

Solution.

The given equation is exact because the partial derivatives are the same:
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We have the following system of differential equations to find the function u (z,y) :

o =2zy
g2, g

Bv integrating the first equation with respect to x, we obtain
u(@,y) = [ 200z =%+ o ()

Substituting this expression for u (i, y) into the second equation gives us:

du 0

5y = By Tyt eW] =243 S 2 ) =243 = ol (y) = 39"

By integrating the last equation, we find the unknown function ¢ (y) :
o) = [ 3=,

so that the general solution of the exact differential equation is given by

y+ P =0C,

where C'is an arbitrary constant.



Example 2.
Find the solution of the differential equation

(62 — y+ 3)dz + (35 —z — 2)dy = 0.

Solution.

We check this equation for exaciness:

% 3(3;,3—1—2]:—1, or_ 9

Hence, the given differential equation is exact. Write the system of equations to determine the
funetion u (z,y) :

{% =P(z,y) =62" —y+3
S —Qzy) =3 a2

Integrate the first equation with respect to the variable x assuming that yis a constant. This produces:

ﬁzﬂ

“fz:ﬂ}=f{ﬁ~'ﬂﬂ—y+ 3)de = —= —ay+3z+¢(y) = 22" — zy + 3z + ¢ (y).

Here we introduced a continuous differentiable function ¢ (y) instead of the constant €.

Plug in the function u (x, y) into the second equation:

ou a

= i5,!{[2‘==3—=l=z|r+3=1=+w{nr]r] =249y =3 -2

We get equation for the derivative ¢’ (y) :

o' (y) =3y — 2.

Integrating gives the function ¢ (y) :

so(y)=/(3y’—2)dy=y’—2y.




So, the function u (x, y) is given by
u(z,y) =22 —zy+3z+y — 2.
Hence, the general solution of the equation is defined by the following implicit expression:

2 —zy+3z+y — 2y=0C,

Example 3.
Solve the differential equation

e'dzx + (2y + ze¥)dy = 0.

Solution.

First we check thiz equation for exactness:

a aP d
% = ﬁ{2ﬂ+ze"}:'9"m ) =E{E”}:EH-

We see that % = % , 50 that this equation is exact. Find the function u (z, y) from the system of

equations:

e,
el
[
& %
%
%

Hence,

u(z,y) = fP(I.y}dm = fﬂ’dm = ze’ + p (y).

Now, by differentiating this expression with respect to y and equating it to % , we find the derivative

¢ ()

=%[ze"+=p[y}]=2y+me”, = 267 19 (y) =+ 2, = (y) =2




As a result, we find ¢ (y) and the entire function u (z,y) :
o) = [ty =, > (o) =2e' o) = e+ 42

Thus, the general solution of the differential equation is

ze' +yf = C.

Example 4.

Solve the equation

(2zy — sinz)dz + (22 — cosy)dy = 0.

Solution.

This differential equation is exact because
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E:E(f_mﬁy):hz sinzr) = 2.

We find the function u (z,y) from the system of two equations:

% = 2ry —sinzx
% =1’ —cosy

Bv integrating the 1st equation with respect to the variable x, we have

u(z,y) = f(ﬂmzr—z]d-‘r = a’y+cosz + o (y).

Plugging in the 2nd equation, we obtain

w0
dy Ay

A 1 (y) = 2 —cosy, = ¢/ (y) = — cosy.

%y +cosz + @ (y)| =2 — cosy,



06) = [ (-cosy)dy — —siny

Thus, the function u (z, y) is

u(z,y) = 2%y + cosz — siny,
so that the general solution of the differential equation is given by the implicit formula:

2’y + cosz —siny = C.

Example 5.
Solve the equation
(1 +2z4/22 gﬂ)dz — 9y\/T2 — 2dy — 0.
Solution.

First of all we determine whether this equation is exact:
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As vou can see, % = % . Henee, this equation is exact. Find the function u (z, y), satisfying the
system of equations:
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Integrating the first equation gives:

22— 47)? 2
n{z,y}:f(1+2:nm)dz=:n+¢+gﬂ{y}=m+§(mﬂ—yﬂ)’ + ¢ (y),

E]
where ¢ (y) is a certain unknown function of y that will be defined later.

We substitute the result into the second equation of the system:
% - %[M;(zﬂ—y’“'}% +o )] = 2w/
WP )= - WP, =) =0,
By integrating the last expression, we find the function ¢ (y) :
p(y) =C,
where C'is a constant.

Thus, the general solution of the given differential equation has the form:

z+§(zi—y“}%+{:=u.

Example 6.
Solve the differential equation

with the initial condition y(1) = 1.

Solution.

Check the equation for exactness by converting it into standard form:

2 2z dy 1 2Y, 2z 1 2 2¢ ,
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The partial derivatives are

2-5(5)3 543

Hence, the given equation is exact. Therefore, we can write the following svstem of equations to
determine the function u (xr,y) :

In the given case, it is more convenient to integrate the second equation with respeet to the variable

v
wen) = [ (-5 )=+ v

Now we differentiate this expression with respect to the variable = :

%:%[iyz+¢(z)] =%—%, =>/%+4/(2)=/312/—%,
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¥(z) = —2n|z| =
Thus, the general solution of the differential equation in implicit form is given by the expression:

T 1
— +lhmh— =C.
g
The particular solution can be found using the initial condition y (1) = 1. By substituting the initial
values, we find the constant C':

1

12—|—]n =C, =140=C, =C=1

Hence. the solution of the given initial value problem is



