Double Integrals in Polar Coordinates

One of the particular cases of change of variables is the transformation from Cartesian to polar
coordinate system (Figure 1) :

x=rcosf, y=rsinb.
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Figure 1.

Let the region R in polar coordinates be defined as follows (Figure 2):

0<g(#)<r<h(f), a<f<p, where f—a < 2m

YA
0=p

h(0)

g9(6

Figure 2.



Then the double integral in polar coordinates is given by the formula
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Figure 3.

The region of integration (Figure 3) is called the polar rectangle if it satisties the following conditions:

0<a<r<b a<f0<p where f—a <2

In this case the formula for change of variables can be written as
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f f(a:,y)dzdyzffbf(rcosﬂ,rsinﬂ)rdrdﬂ.
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Example 1.
Calculate the double integral

f (32 + y2)dyd.'=:
R

by transforming to polar coordinates. The region of integration R is the sector 0 < 8 < 7 ofa
circle with radius r = /3.

Solution.

The region R is the polar rectangle

R={(r0)0<r<v3o0<p<2]

Using the formula
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f f(z,y)dzdy = f [b f (rcos 8, rsin 8)rdrde,
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we obtain
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Example 2.
Evaluate the integral

f zydydz,
R

where the region of integration Rlies in the sector 0 < 8 < 5 between the curves z2+y? =1and
x? + 92 =5.

Solution.

In polar coordinates, the region of integration R is the polar rectangle

R={{r,9}|15r<_:~/§,0<_:9<_;%}_

So using the formula

f f(a:,y)da:dyzffbf(rmsﬂ,rsinﬂ)rdrdﬂ,
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we find the integral:
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= (- cosm+cos0)- (25 -1) = 7 (1+1)-6=3.
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