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Abstract 

In this work we study and discuss the concept of strongly unit elements and 

strongly zero divisors in the group ring     , where   is a cyclic group of order 
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Introduction 

      The study of numbers has always occupied a unique position in the world 

of mathematics. It may very well be the best subject for a student trying to learn 

what constitutes a mathematical proof, and to construct the proofs, such as the 

theories of congruences and prime numbers. Most of the results of this work can 

be considered as an application of the number theory. 

    The present work consists of two chapters along with a list of references at the 

end. The first chapter is deals with some definitions and theorems about ring and 

number theory, which are needed in our work.  

      Chapter two includes two sections. In section one we study the concept of 

strongly unit elements in the group ring    , where   is a cyclic group of order 

 . We prove that In the group ring     , where   is a cyclic group of order    

,the element                is a strongly unit. So we prove that in the 

group ring    , where  is a cyclic group of order      for    , the element 

                   is a strongly unit. In section two we introduce 

and study the concept of strongly zero divisor element in the group ring    , 

where   is a cyclic group of order    moreover we prove In the group ring     , 

where   is a cyclic group of order     ,     and     
      

  ,      the 

element                is a strongly zero divisor . 
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Chapter one 

Background 

In this chapter we take some known definitions and results that we are needed in 

our work.  

Definition 1.1: [3] Let   and   be given integers, with at least one of them 

different from zero. The greatest common divisor of   and   denoted 

by         , is the positive integer   satisfying the following: 

(a)      and      

(b)  If     and    , then      

Example 1.2: let      and     then            . 

Definition 1.3: [1] Let   be a ring with unity. An element   in   is a unit of    

if it has a multiplicative inverse in  . 

Example 1.4: Let      be a ring. Then      is a unit since   is the inverse 

of    Then               

Definition 1.5:[1]  If two non-zero elements of a ring   such that       , 

then   and   are divisors of zero (or zero divisors). 

Example 1.6: Let    be a ring, then   and   are different from zero and 

              Then   and   are zero divisors. 

Theorem 1.7:[3] The linear congruence             has a solution if and 

only if     where              If      , then it has    mutually incongruent 

solutions modulo    . 

Definition 1.8:[2] let   be a commutative ring with unit   and   be a 

multiplicative group. The group ring    of the group   over the ring   consists 

of all finite formal sums of the form ∑        (i-runs over a finite number) where 

               satisfying the following condition: 
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i. ∑   
 
      ∑   

 
                                  

ii.  ∑   
 
        ∑   

 
       ∑        

 
              

iii.  ∑       (∑      )  ∑                ∑                

iv.                                   

v.  ∑     
 
    ∑      

 
                      ∑          

   is a ring with     as its additive identity. Since     we have   

       and           where   is the identity of  . clearly if we replace 

the group    by a semi group   we say    is the semi group ring of the semi 

group   over the ring  . 

Example 1.9: Let           be the ring and   ⟨      ⟩ then the group 

ring                                     and the order of 

group ring is           
          

Definition 1.10:Let   be a ring, an element   in   is said to be a strongly unit if 

there exists an element     such that      and there are               

such that 

1.        or      

2.       or y   . 

Definition 1.11: Let   be a ring, an element   in   is said to be a strongly zero 

divisor if there exist an element     such that      and there are     

          such that 

1.        or      

2.       or y   . 
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Chapter two 

Section one 

Strongly Unit Elements in the Group Ring     

In this chapter we study some elements in a group ring     that is satisfy the 

definition of strongly unit or not. 

Here we prove a result in any ring   that we need in our work: 

Proposition 2.1.1: Let   be a ring. A unit element     such that     . 

Then   is strongly unit. 

Proof: Suppose that    is a unit such that      then          consider 

the linear congruence                                     . 

Since   is a unit, then           , then by Theorem 1.7, the linear 

congruence     has a unique solution let be  . hence   is strongly unit of a ring  

R. 

Proposition 2.1.2: In the group ring    , where   is a cyclic group of order   , 

the element     is strongly unit. 

Proof: let         ,        

                                    . 

For                  , we have 

                                               

                                               

                                               

                                             . 
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Then by Definition 1.10, we see that the element   is a strongly unit of    . 

Proposition 2.1.3: For      we have      

and for                      

We have                 

Therefore by Definition 1.10,                    . 

Proposition 2.1.4: In the group ring     , where   is a cyclic group of order    

,the element                is a strongly unit. 

Proof: Let                  .Then  

   

(

 
 
 
 
 

    

    

  

  

  

 
 

  

  

  

 
 

     

      

      

  

  

  

 
  

  

  

  

 
  

  

  

   

 
  

    

         

     

   

    

    
 
  

 
 

 

  

  

 
     

  

  

  

 
     )

 
 
 
 
 

   

Then by Proposition 2.1.1, the element   is strongly unit of    . 

Example: Let     be a group ring where   is  cyclic group of order   . Then  

                is a strongly unit of      

Solution: let                   
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Then by Proposition 2.1.1, the element  is a strongly unit of      

Proposition 2.1.5: In the group ring   G, where   is a cyclic group of order 

   ,    the element                      is a strongly unit . 

Proof: Let                           Then  

   

(
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Then by Proposition 2.1.1, the element  is a strongly unit of      

Example: Let    G be a group ring, where |G| 16. Then  

                            

   

(
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Then by Proposition 2.1.1, the element  is a strongly unit of      

Proposition 2.1.6: In the group ring    , where  is a cyclic group of order      

for    , the element                    is a strongly unit. 

Proof: Let                      

   

(
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Then by Proposition 2.1.1, the element  is a strongly unit of      

Example: Let    G be a group ring, where |G|=24. Then the element 

                                              is a strongly 

unit. 

Solution: Let                                              . Then  

   

(
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Then by Proposition 2.1.1, the element  is a strongly unit of      
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Section two 

On Strongly Zero Divisor in Group Rings     

In this section we study the elements that is a strongly zero divisor in    , 

where   is a cyclic group of order  . 

Proposition 2.2.1: In the group ring    , where  is a cyclic group of order 

            
      

          the element                 is a 

strongly zero divisor. 

Proof: Let                  .Then  

    

(
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Let    , and                  . Then              , such that 

                   (                     

                                       

                         

by Definition 1.11,   is a strongly zero divisor of    . 

Example: Consider the group ring              G    . Then for 

                                            , we have 
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For     and                 , we have               and 

                                                 

                                         

by Definition 1.11,   is a strongly zero divisor of    . 

Proposition 2.2.2: In the group ring     , where   is a cyclic group of order 

    ,     and     
      

  ,      the element                is a 

strongly zero divisor . 

Proof: Let                      .Then 

     

(
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Then for     and                  . we have               and                           

   (               )  

                   

Hence by Definition 1.11,   is a strongly zero divisor of    . 
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Example: Let     be a group ring, where   is a cyclic group of order    and 

                                  . Then 

   

(

 
 
 
 

            

  

  

  

  

   

  

  

  

   

 

  

  

   

 
  

  

   

 
  

  

   

 
  

  

  

 
  

  

  

  
)

 
 
 
 

   

Then for     and               . we have               and                                         

                                        

                                       

Hence by Definition 1.11,   is a strongly zero divisor of    . 
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 ثوختة

      و بەهێزلەم ئیشەدا ئێمە بەدواداچونمان کردووە بۆ دانەی یەکانەی بەهێز وە لە دانەی دابەشی سفری 

دةري گرووپێكي خولیە لە ئۆر  و كاتێ        گفتوگۆمان لەسەر کردوە لە گرووپی ئاڵقەیی      

 

 

 


