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First review all subjects and laws of Mathematicabtatistics

Statistical Distributions

First: The Discrete Distributions:

1) Discrete Uniform Distribution X ~ D.U (n)
1

— Xx=12,...,n
f(x;n)=1n .
0 o.W
2 _
mean= n+1 , var(X) = n- -1
12

2) Bernoulli Distribution X ~ Ber @)

1_ —
f(x6) = p(x):{ex(l—ﬁ) X, x=01
0 oW

mean= E(X) =6 varX) =6(@1 - 6)

3) Binomial Distribution X ~ Bin (n, )

n X _ n—X _
f(x;n,0) = Cxo"1-0) , Xx=0,12,...,n
0 oW

mean= E(X) =né@ Val'(X) — ﬂ@(l— 5)

4) Negative Binomial Distribution X ~ N.Bin (r, )
cr e -9, x=012,....

f(x;r,9)={
0 oW

re-=o6 _r@a-o
9 ’ V(X)_ 02

mean= E(X) =

5) Geometric Distribution X ~ Geo §)

f (x;6) :{6’(1—6’)X , xzoffl;l,z .........

mean= E(X) = % , V(X) = (19_26,)



6) The Poisson DistributionX ~ Poi §)

-0 pX
e 76 _
f(x: 0) = {x' , x=20,1,2,...

0 0.W

mear= E(X) =6 , (X) =6

Second: The Continuous Distributions:
1. Continuous Uniform Distribution X ~ C.U(a, b)

1

,as<x<b
f(x;,a,b)=<b-a
0

ow

a+b ,V(X):(b—a)z

mean= E(X) =
2 12

2. Beta Distribution X ~ Beta(o, )

#xc’_l(l—x)ﬁ_1 0<x<1
f(x;a,p)=1B(a. p)

0 o.w
mean= E(X) = a , VU(X)= ap

a+p (@+B)@+pB+D

3. Gamma Distribution:
a) Gamma, Distribution
1. X ~TI(a, 6)
1 ja-1gx6

_— , x>0
f(x;a,0) =M (a)67
0 o.w
mean= E(X) =ad : v(X) = a6?
2. X ~TI(a, 1/6)
ga a'—le—HX X > 0

f(x;a.6) ={r(a)
0 o.w

mean=E(X) =a/8 , vX)=al&?



b) Exponential Distribution

1. X~ Exp@)

1 _-x/6
F(x: ) = ge , x>0

0 o.W
mean=E(X) =8 ,  wX)=6?
2. X ~ Exp(1bh)

-@X

f(x;H):{ge , x>0

0 oW
mean=E(X) =1/8 ,  w(X)=1/6°

c) Chi-Square Distribution X ~ )((Zr)

I-1_
! 5 X2 e X/2 , x>0 ,r>0
) =32 2"
0 o.w
mear= E(X) =r , (X)=2r

4. Normal (Gaussian) Distribution X ~ N(8, °)

_i(x_g)z
#e 202 — 00 < X<

f(x 8,0)= \/ZTJ ’
0 o.w

mean=E(X) =& : v(X):a2 , —0<f<o0 , g>0



Distributions of Functions of Random Variables

First: Transformations of the Discrete Random Variales

If X is a discrete r.v., having p.d.f(x), taking values in sample spageA = {X; X = Xy X ...
Xq}, at each of whicli(x) > 0, and let a r.v. y g(x) define aone-to-one transformationthat
mapsA ontoB, B={y; y = y1.Y2 .. ¥n}

If we solve y =g(x) for x in terms of y, sayx = w(y), then for each ¥1B, we havex = w(y)
LA,

Then to find the p.d.f. of Y, is given as follows;

f , yOB
uw=pw=w:pu=mmm={DMW1 y

0 o.W

Ex: Let X ~ poil#) andY =4X by using transformation technique, find the p.dffY.
Sol:

e 7%

X ~poi(@) O pd.f.of X =f(x) = w x=0,1, 2,.....
A={x:x=0,1,2,....} , f(x)>0
Y =4X
OB={y:y=0,4,8,...} , f(y)>0

g y

e 64 _

() =pY=y)=péX =y)= px=H=1"y, Y7048

7!

0 oW

Ex: Let X have the binomial p.d.f. X ~Bin (3, 2/3), wherey = X 2, by using one-to-one

transformation, find the p.d.f. of Y.
Sol:

3 E X } 3-X —
X ~b@ 2/3) =0 fx=1xG G x= 0123

0 o.w
A={x:xORx =0,1,2,3} , f(x)>0

Y =X? = OB={y:yORy =0,1,4,9 , f(y)>0

In general, Y =X* does not define a one-to-one transformation, tare tthere are not
negative values ofin A= {x; x=0, 1, 2, 3}, thex =w(y) = \E/ (not —\/§), and so;

f(y) = p(Y = y) = p(X? =y) = p(X =F/y) = p(X =y)

3 2y Ly _
- Ie-m3 G y = 0149

0 o.w




Definition for the J.P.D.F.

Let f(x1, Xo) be the j.p.d.f. of two discrete r.v.’s; 4nd X with A the (two dimensional) set of
points. Whichf(x;, xo) > 0, let ¥ = gi(x;, X)) and ¥ = g.(x;, X2) define a one-to-one
transformation that maps onto B (two dimensional), then the j.p.d.f. of the twoamev.’s
Y= gl(Xl, Xz), Y, = gz(Xl, Xz) IS given;

fwa(yr, y2) , Wolyr, ¥2)]  » (v1, y2) OB

f , = = ,Y = =
(Y1, ¥2) =p(M =y1., Y2 = ¥2) { 0 ow

Ex: Let X; and X be two stochastically independent r.v.’s that haeesson distribution with
meand, , 6, respectivelythe j.p.d.f. of X and X% is;

glxl 6;;2 e_gl -6

F(x, X2) = X! Xo!
0 ow
WhereY ;= X; + X5, Yo, = X,. Find: the j.p.d.f. of ¥ and Y,. andfy(y,). , HW: fx(y2)
Sol:
"+ X and X, ~ Poi§, 6,)
A={(x,%):x =0,12,..... X% =012,....} , f(X,%)>0
B={(v,¥2)%u=012.... ,¥,=0L2....y} , f(%,¥2)>0
because y, =% = X% =Yy - X% =>UY¥ =y —X
whenx =0 =Yy, =y; (Max)..., —1Ly;—2,....).. whenx = =y, =co—c0 =0 (Min)
THMEXRTX 2 X ENTXH =2 X =Y,
Y2 =% = X2=Y
Othej.pd.f.of Y, andy, is,
F(Y ¥2) = PM =1, Y2 =Y2) = P(Xy = V1~ Yo o X2 = o)
Y gt
=1 =)y
0 ow

’ (yllyZ) 0B

The marginal p.d.f. of Yis given by;

yi i gY¥17Y2 )2 .
-6 -6 I
W= 3 fouy) =™ X gt P
y2= y2=
SeAR & ul gnve gy A% S o gnye gy
| - | | |
oo (y1 - y2)! y2! ntooZo Y2
—61-02 y1
LA Rae g,

That is, Y; = X; + X, has a Poisson distribution with parametgr+6.).



Distribution of Order Statistics
Let X3, Xy, ..., X, denote a random sample and be independent idénticstributed r.v's

with a p.d.f. f(x), and let ¥ < Y, < .... <Y, be their ascending ordered values, i.e.;

Y. is a smallest value of (XX, ..., X,) (min).
Y,: is the second smallest value of (X, ..., X,).

Y .. the largest value of XXy, ..., X,) (max).

ThenY, (i =1, 2, ...,n) is called tha-th order statistic of the random samplg X, ...,
Xp.and Y; <Y, < ... <Y, are called the order statistics correspondingn@frandom sample
X1, Xo, oory X
Then the j.p.d.f. of X;, X, ..., X, IS given by;

f(Xq,X%X2,.cc. Xn) = F(X). F(X2)..... f(Xn)
The j.p.d.f. of the order statistics ¥;, Y, ..., Y, IS given by;
g(y1, Y2, Yn) = (n1) 9(y1) 9(y2)......9(Yn)

n
() M atyi) , a<y<yy<..<yp<b
= i=1
0 o.w
Explain:
Let (n=2), then we have two probabilities;
x> X or K< Xz
Yi1=X; Y= X1
Yo =X; Yo,=X;
Discrete

g(Y1: Y2) = 91 =%2) 9(Y2 =x) + 91 = %) 9(Y2 =)
=21 9(w) 9(y2)

2
_j@ 1@J(yi) , a<y<yy<b
=5
0 ow
When f = 3)
a(y1.¥2,¥3) = @) a(y1) 9(y2) 9(y3)
3
@) Navi) , a<yi<y»<yz<b
= i=1
0 oW

Continuous
When @ = 2)



dg dxg dg  dxg
_|dy dy,|_0 1 _ _|dy dy|_|1 O _
7 %“1 o 2Tde g o 4T
dyy dy, dyy dyy

Note: Always J equal to one because be continuous
9(y1,¥2) = 91 = X2) 9(y2 = %) J1 + 9(y1 = %) 9(Y2 = X2) J2

The Marginal P.D.F. of an Individual Order Statistics
The marginal p.d.f. of thieth order statistics is given by:

n! _ N n—i ,
(i—1)!(n—i)!f(y')[F(y')] [1-Fy)] . a<y<b

a(yi) =

a i-1 n-1i b
L

1
L FO) = pX <) gii - 7p]l= p(X >y
f(;)
The P.D.F. of the Smallest Order Statistics
If (i = 1) then the distribution of ;ys given by:

00 = =gy T OOFODI - FO0l ™ a<y<b

n(n-1)! _ n-1
oo [0 - Fow)]

gy) =nf(y) [L-Fw]"™ . a<y<b
The P.D.F. of the Largest Order Statistics
If (i =n) then the distribution of ,)is given by:

9(yn) = FOYFOW] "M -Foy)]™™  , a<y,<b

g(y) =

n!
(n=-)!'(n-n)!

n(n-1)! n-1
ETRA [F(yn)]

gy =nflyn) [FI™™ . a<y,<b

a(yn) =

The Joint Probability Density Fun. of Two Order Statistics
The joint p.d.f. of any two order statisticsahd Y, (i <j) is given by:

_ n! 9
ALY = i =i—ny (= )
< FOOTHFp -Fol T th-ropP it fiy) . a<y <y <b
0 o.w

a i-1 ! Fe=i=l 1 n-j b

L L L J
Fv) = p(X < y,).)';l. Pyvi <X <y;) 3'11. [1-FOpl=px >y
r lFop-ron] 7
Vi) 7o)




Ex: let Xq, X,,..., X, be a random sample of sizg (ssn taken from C.U(0,1). let; ¥ Y, <
... < Y,be the order statistics of this samgtead the p.d.f. of ¥ and Y, the j.p.d.f. of ¥
and Y,

Sol.: X~ C.U(0,1)

1
,as<x<b 1 , 0<x<1
Df(x):{b—a :{ X

0 o.wW

« 0 x<0
F(X)=p(X<x)=[ldx=4x , 0<x<1
0 1, x=21

giy)=nf(y)L-FOy)]"™ , asy<b
whenx=y;, = 0O f(y) =1, F(\y) =W

Og(y)=n@-y]"" , osy=1
:{n(l— w't o, Osy<i

0 oW
g(yn)=n f(y)[Fyn)]"™ . asy,<b
when x=vy, = 0O f(y,) =1
0 g(yn)=n@ [y, """ . o0s<y,=1
_ Jnys™t ., 0=y, <1
0 o.w
_ n! N
g(yi’yj)_(i—l)!(j—i—l)!(n—j)!
x [FOFyn -Fro " *h-rof Tt fy,) . a<y <y <b
0 o.w

Wheyr 1=1 , j=n

| " ~)(n-2)! "
Dg(yl,yn)=mwn-y1) zzn(n(n])_(zr)]! A
=n(n=-D(y,-y)""*  ,0<y<y,<1

10



Statistical Inference

Statistical Inference: making conclusions about the whole population anlhbsis of a
sample, i.e., use a random sample to learn songeéiiout a large population.
Precondition for statistical inference: A sampleasdomly selected from the population.

Concepts and Important Definitions about Stat. Infeence

1. X= (X, Xo, ..., X,) = rssn= Data

2. Statistic: is a function of the random variable.jronly in the sample data.

3. Parameter: It is a characteristic or a measureishaalculated from the population under
study.Ex: The unemployment rate in Erbil. The average otiagdion life for a particular
device. [ Parameter = Statistic + It's Error].

4. Population parameters are denoted using Greekdetimean),o (standard deviation)t
(proportion). Sample values are denoted (mean), S (standard deviation), p (proportion).

5. Estimator: is a function.
6. Estimate: is a value of the estimator.
x= X - 15

n Estimate
Estimator

7.
Quantitative Variable = Standard Error = SE(Mean) = S/ +/n

Qualitative Variable = Standard Error = SE(p) =./p@-p)/n

There are two steps to make inference:

1. Estimation of the population parameters
a) Point Estimation.
b) Intervals Estimation.

2. Testing of Hypotheseabout the right values of population parameters.
Estimation of Parameters

First: Point Estimation
Let Xq, X, ..., Xy be a rssn from the p.dffx; 0), 6 is unknown. We want to estimaddrom
the information in the data.

@ = estimator of &

Properties of Estimator:

1. Unbiased Estimator

An estimator(é:t(xl,...,xn)) from a sample of sizen) with p.d.f.f(x; ) is said to be an
unbiased estimator for a population parameéiér

11



E(G) =6
The quantity(E 6) - 0) is called bias of an estimatét = t(X) ofé.
bias (§) =E(F) - 6

Ex: In a random sample of size) taken from exponential disExp@). Show that;
1. T4 = X is unbiased estimator for the parame®r (

2.Tp = " . X2 is unbiased estimator for the paramef&Y. (
n+
Sol: 1)
?
E(T) =

E(Ty) = E(X) == E(ZX )= n E(X) =

0 X is unbiased estlmator for
2)

E(Ty) = E(Y)2

Q/(X)+(E(X))) " (V(Xheﬂj

n+1 n+1 n
_n 92 g2 =" 62 + ng?
n+1 n+1 n

_n 92(n+1) _ g2
n+1 n

n
n+1

0T, = %2 is unbiased estimator féf.

Ex: In a random sample of size) from normal distN(¢, °). Show that;
1) g2 = . 1_ - s (X, - X)2 is unbiased estimator for the parame#éy.

2) IsT = X2 unbiased estimator fof.

12



E(s?)= T E(z(x, - x)?)=_1t (ZXiZ—nX)
= 2 (E(x?) - E()?)
= (o + Exn?)- b+ (E(X)?))
=N ((02+6?2)— [02+92D: d [02+92_02_g2]
n-1 n n-1 n
_ n (02—0—2}: n (naz—azj: n JZ(n—l):UZ
n-1 n n-1 n n-1 n
0 S? = nl - X)? is unbiased estimator for o ?
2)
E(Y)Zzez

V(X) = E(X)? - (E(X))?

J2

E(X)? = V(X) + (E(X))?= —+ 62 # 2
06 = X2 is not unbiased estimator for 82.
Then; what is to be unbiased estimatordfor

Now from both sides we subtraef :
n

o* _o?

E(y)z _?:?‘*‘52_

2
o
haly

n

o 2

1= X2 g is unbiasedestimatorfor 82
n

Unbiased in Limit
An estimator@ for known paramete? of p.d.f.f(x; 0) is unbiased in limit if:
im E(8) =6

n - oo

Ex: In a rssf) from uniform dist C.U(0,6).
1) lIs Yh unbiased in limit estimator faf, (Note: Y, estimatord).

2)1s X unbiased in limit estimator fa.
3) Is X unbiased in limit estimator far/2.

Sol: 1)
f=—t=—1 -1 gcx<p
b-a 6-0 6
? _ Y
F(yi) = p(X=y)=|—dx==>
| | 09 9

13



_l _
g(y)=nf(y>(F(y>)”‘1:nl[y“jn _nvn 0<y. <6
n n n H H 5” ) n

? nyrr1]_l nt .
E(Yn) = I Yn g(yn) dyn :J.yn T an dyn = TJ.yn dyn
R o 8 "y
e
oy _n @t _n

—— 8% 6 - 1Y, is not unbiasecest for &

g+l T n+1 n+1

lim E(Y,)=lim ——@=@®@&=6 - 0Y,is unbiasedn limit est for 6
n n- o n+1 n

n - o

2. Consistency Estimator

Definition: An estimatord of the paramete of f(x;0) is called consistent estimator fér
if;
im pld-6|<e)=1 , De>0

n - oo

or ; lim pqu—H‘ZE):O

n - o

Note: Consistency means the estimator equal to the p&eameconverges stochastically to

the parametef.
A consistent estimator: That the estimator getsarido the parameter value msncreases

without limit.

|é — 0| = called estimated error

pQé—ﬂ«s)zl—&?

£
p69—42£)<9

- (Chebychev@equality)

Theorem: Let 6 be an estimator for the population paraméteff(x;0), theng is said to be
consistent estimator farif:

1) lim E(8) =6 2) lim V() =0
n- oo n - oo
Ex: Let X3, Xs, ..., X, be a rss from Poisson di&t show thatd = X is consistent estimator
for 6.
Sol:

14



First Method

; v(d)

1) p09—9‘< 5)21— .

&
lim pQé—e\< e)> lim [1— V(e)]
n - o n - o 52
é:X_,V(é):V(X):V(X) :i

n n
lim pQX_—9‘< 5)2 lim [1— 9 J
n- o n- o ne?

im p(x - 6|<e)=1

n - oo
2) pqé—ﬁ‘z 5) <V(9;)
3
im pQé - 0|2 £)< Jim =
im  p(X-6lz¢)=0
n - oo

Second Method ;
1) lim E(@)= lim E(X)=6

n—>00 n—>oo

2) lim v(8)= lim 9.9
n - oo n_>00n

0 8 = X is consistent estimator for 8.

The Score Function
The score function is the partial derivative of Ltbg functionf(x;#) with respect to the
parametep, is defined as;

1 d

S(x; 6) :%In f(x;0) = f(x.0) IY: f(x;6)

Properties

1) The mean of the score is zero, E(S(X; 6)) = zero
Proof:

1 0
E(S(X:8)) = :0) f(x;0) dx = — f(x;:0) f(x;:6)d
(S( >)£fx>(x)x I Tocg 0g O O

0 0 0
— —  f X;H dx = — f X;H dx = — (@) = zero
[ o 1060 ax= 5 (60 dx = ow
X X

15



2) The variance of the score is known as the Fishénformation (F.l), which
IS measure the information in the samples” about the parameterd, and can
be written as;

2
F.I =100 = E(aag In f(x;H)j , becausemean= zero

Or;

e 109
F1=1(6)=-E —— In f(x;6)
00

If Fisher Informatian multiply by (n), we get
nl(f) = F.l in arsgn)

Ex: Let Xy, ..., X, be a rss from exponential diStExp(1#). Find the F.1. of X.
Sol:

f(x;8)=0e %% x>0
In f(x;8) =In(8) - 8 x

0 1
—Inf(x;:8) == - X
(x;6) ]

26

92 1

——Inf(x;0) = ——

062 (x:) 6?

F.l=-E ilnf(xﬂ) -1 — [Onl@)=F.l.in arsgn) =
' 062 ’ 62 o 62

3. Sufficiency Estimator
Sufficiency estimator is containing all the infortnoa in the data about the parameter

First Method (Fisher Information)

Definition 1: Let Xy, Xy, ..., X, be a rss from the dist with p,d.f.f(x ; 8), an estimatog is
sufficient estimator for the parameteif the Fisher information i is equal to the Fisher
information in a rssy).

Ex: Show thatXis sufficient estimator for the mean (0, 6°).

Sol:
F.linarssn=F.l in @
2 .
F.linarssn=-nE w
06

f(x;0,0%) = w "
2mo?
In f(x; 8,02) = In[\/%} - 212(x—6')2
2710 o

16



aln f(x; 8,0%) 2(x =) (1) _(x - 9)

= Zero-—
06 20'2 02
0°Inf(x;6,0%) __ 1
962 o?
2 . 2
_nE(a In f;);’ZH,J )J:nz is F.lI.in arssn
ag

X ~ N8, 0c?)

2
X ~ N8, 2
n

_ 2 g
g(x;g,an):lezn

1

In (g(x; e,anz)j = In {W] - 222 (x - 8)?

2

alng(x;e,“n)

2n(x - 8)(-1) _ n(x - 8)

= zero -
Y ‘ 20°2 o’
o 2
32In g(x: 8,72 ) .
n’' - __h
9672 o?

. 2
921n g(x: e,”n)

- E
067

=_E(—n j = " s F..(6 =X

+F.l'inarssn=F.I in (6 = )
0 8 = x is suff est for 8

Second Method (Conditional)

Definition 2: Let X4, Xy, ..., X, be a rss from the dist with p,d.f.f(x ; ), andd be an
estimator for9, an estimatow is sufficient estimator for the parameteif the conditional
p.d.f. of Xi, Xz, ..., X)) givené does not contain the parametier

X2 yeeey Xn 1 )

9(6)

Note: If the range depends on the parameter, in this wasean't find F.I; therefore, we use
the second method (Conditional).

A f(x,
f (%X, X2 s X | ) = (1

Ex: LetXy, X, ..., X, be a rss from a dist with p.d.f.:
fx:0) =€~ X | x220
Show thaty; is sufficient estimator for the parameter

17



Sol:

A f (X1, X2 1. Xpy; 6)
f (X, X0 1 Xn | 6= 1) =
" g(v1)
- f(x:0) =2~ X | Xs are independen
f (X1, X2 o0 Xpy; 6) = T(Xq;0) O (Xo;0) LIIIf (X ;6)

— e26?

20 - X2 xe26?—xn

- X
= X (20 - %)
— e2n6? -2 X
g(y) =nf(y)@-F(y)"™*
fy)=e?? ™ N

I, i
Fiy)=p(X<sy)=] e® ™ ¥dx=e* T e *dx
20 20
= e?0 (—e_ X);% =e?0 (720 e M
=1 - 629 -yl

=ne?"? - "My y1 = 26
eZn@—ZX|
O f(X, X ,..., Xy 10 = Y1) = —
n ne2nd - nyj
e~ 2X 1

= = == e XX *MWL goesnot contain 8

0Y; is suff est for &

Third Method: Factorization Theorem

Definition 3: Let & be an estimator for the parameterf(@fd) such that the range does not
depend ord. Then the necessary and sufficient condition foestimatoré to be sufficient
estimator, if there are two non-negative functiesh that:

f (X, X0 s Xp: @) = g(8; 8) H (x)

Theorem:
Let § be sufficient estimator for the parameferandu(d) be a one-to-one transformation,

thenu(d) is sufficient estimator fof.

Note: 1) X is one to one transformation X .= X =nX.
18



2) If we have more than one parameter, we use faetaiz theorem (third method) for
sufficiency.

Ex: Let Xy, Xy, ..., X, be a rss from Bernoulli dist Ber@). Show thatd = > X is sufficient

estimator for the parameter

Sol:
. X ~ Ber(6)
f(x;0)=6*1L-6)"" ,x=01

n

n C
(X2 Xg s X5 6) = ] f(xi;g):gZx‘(l—e)n—zx‘ } % > X
i=1

Cox
=Ccg, g% (1—5)“‘2chr} , free of @
2%
:g(é:in;H)XH(x) :Dé:in is suff est for @

Ex: Let Xy, X, ..., Xy be a rss from Poisson diStPoi(), show thatd = 3 X; is sufficient

estimator fog?
Sol:

e ¢ g~

X ~Poi(f) = f(x;60)= , ** Xs are independen

f (0, % ey Xn; 6) = T(x;60) OF (X,; 6) LI (X, 6)

el e 99" A
X X X

%! X! Xp!
-nd Ay X
:el_l(ii)l joint pd.f
= e‘”gez’ﬂ X 1
[100)!

=9(6=3%;6)xH(X)
06=3x is suff est for 6.

Ex: from Exp(15). Is > X sufficient estimator fof? (by factorization theorem).

Sol: )
f(X, %2 ,....Xq; ) = 9(8; ) H(x)

X ~Expl/8) = f(x;0) = ge % , ** Xs are independeh
n
f 4, %2 00 Xn; 0) = [ F(X%:0) = £(xq;0) U (x2;6) [IIf (% ;6)
i=1
= 9e 9 x ge9%2 x....x ge"9*n
— ene—HZX, x 1

=9(6=3%x%;6) H(X¥
O é:ZXi is suff est for 6.
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Multi-Parameters Case (Joint Sufficient Estimator)
Let X4, Xa, ..., X, be a rss from a k) parameters disf(x;01,05,...,0,), thené, 6, ,...., 6 are

jointly sufficient estimators for parametei,@,,...,60k) respectively if the j.p.d.f. ofX, X,
..., X;) can be expressed as:

f (X0, X2 1o Xpy; 01,602 0,6k) = (01,65 .....0k 5 61,05 .....6,) TH (X)
Where; HK) independent of the parametefigds, ... ,0,).

Ex: Let Xq, X5, ..., X, be a rss from Gamma diStI'(a,1/0), find the jointly sufficient
estimators for the parametets €).
Sol:

a
f(x;a,6) SRR

I (a)

a n n a -1
f(Xy, %5 ,...,xn;a,g)z[rg(a)J [I‘I X‘J e 0Xx
i=1

n A
0a = [1 X and & = > X; are jointly suff est for a and 6.
i=1

Ex: Let Xy, Xy, ..., X, be a rss from normal dist N(6, 02), show thatd’ X; , > Xiz are the
jointly sufficient estimators for the parametefisd?) respectively.

Sol: f(x;ﬁ,az): 1 ~o2(X~0)
\J2ma?
n e o
f (4% o0 Xy 0, 02):|—| f(%:6) = (Wyn o (=6
i=1
n __1 2 _ g Y
= (JZ;TO-ZT e ZUZZX' e asze 207

=9(0=Y%.,6°=Y%; 6,0%) H(X)
0Y X, and Y X? are jointly suff est for 8 and o°.

Ex: Let X, X5, ..., X, be a rss from C.U@,— 6,, 6, + 0,), andY; <Y, < ...<Y, be the order
statistics, show that Yand Y, are the jointly sufficient estimators for the paeders ¢, 69,)
respectively.

Sol:

20



1

f(x;a,b) =

(x;a,b) b_a

(6,0 L =L g-6<x<g+6

91"'92 (-6,) 26,
1

fy;)=——

(Y1) 26,

F(y) =pMM<sy)= T 1L yl— L yl\g , (yl-(Hl-Hz))
6 6202 2 292
n!

a(yi,yj) =

EEEC
< [FOOIHF(y) - FOOl h-Fo)l t ) f(y) . a<yi <y <b

0 ow
g(yl,yn)=n(n—1>[F(y,->—F(yi)]”‘zf(y1>f(yn) . 6-6,<y, <Y, <6+6,
n-2
o 1.1
=n(n 1)[26,2 = (@-62) -5 S5 bi-(6-8 )] 26, * 28
=n(n-)—— (Vo -W"? ., 6-6,<y<y,<6+6
(92)“ ) 6-6,<y 6,+6,
f (X, X0 ey X3 614 G5) :i|:|1 f(x,:;6,,06,) = [Z;ZJ
f (X2 Xy oo X 16, B
(X X X 60, By | Yy, Y) = 8 ngm,xyn)l :
1Y
_ 26,
- 1 n-2
n(n-1 n -
(=) o (a3
1 _ 1

n-1 (Yo~ %)"% n(=1) (Xpax = Xpuin)"~?
“» which not dependon &, 6,
OY, andY, are jointly suff est for &, and &, respectivey.

The Exponential Class of Probability Density Funcins
Let X has a p.d.fi(x;0), then the family of(x;0) is belong to exponential class of distribution
if it can be expressed as:

f(x;60) = Exg(In f(x;86))
= Exp(p(6) K(x)+ S(x) + a(é))
Such that: ) K(x) must have to be for exponential class.

Ex: Let Xy, Xy, ..., X, be a rss from Bernoulli dist Ber(@), show that if the diStof X can be
written in exponential form?
Sol:
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f(x;6) = 0" 1- )"
=exp(xIn(d) + @- x)In(L - 6))

= exp(xln(1 —HHJ +In@l- H)J

= ex;{ p(6) K(x) + S(x) + Q(Q)J
=0

[ the family of X is brlongsto the exp. classof distribution

Ex: Let Xy, Xy, ..., X, be a rss from Poisson diStPoi@), show that if the diStof X can be
written in exponential form?
Sol:

-6 X
f(x:0) =29
X!
= exp(ln f(x;6))
= exp(— @ +xIn (@) + In(x!))
= exp(q(6) + p(O)K(X) + S(x))
[J the family of X is brlongsto the exp. classof distribution

H.W: Let Xy, X, ..., X, be a rss from exponential diStExp(@©), show that if the exponential
dist’ belongs to the exponential family?

H.W: Let Xi, X5, ..., X, be a rss from normal dist N(O, 6), show that if the normal dist
belongs to the exponential family?

Theorem
Let f(x;0) belongs to exponential class of distributiongntthe j.p.d.f. of Xy, X, ..., X,) is:

f (X, X2 1 X3 6) = Exp(p(O) K (%) + T S(%) + na(6))
Using factorization theorem then the j.p.d.f. cannbitten as;

f(Xq, X2 e Xn 3 8) = Exp(p(8) X K (%) + nq(8)) L Exp(X S(x) )

Then we say tha}, K (X;) is minimal sufficient estimator faf.

Ex: In a rsg. Find minimal sufficient estimators for parametets o
1) Poissong). 2) Betag, p).
Sol:
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1) Poissol(6)
e ?9*

f(x;60) = = exp(- 8 + xIn(6) - In(x"))

In a rssn
f(X, %Xy o X,30) =exp(-nB+INO)TXx —TIn(x))

= exp(- n 8 + In(B)x x. ) Cexp(- = In (x1))
0 f (X, % e %03 6) = exp(p(B) ZK (%) + nq(6)) Cexp(x S(x;))
= Y K(X;) =X X; is minimal suff est for &

2) Bete(a, b)
o T@+pB) a-1,_ p-1
f(x;0) = @) T (B) X 1L-x)
=exp(-InB(a,B) + (@ -1In(x) + (B -1In1- x))
=exp(-InB(a,B) +aln(x) - In(x) + SIn(L - x) -In @ - x))
In a rssn;

. _ -ninB(a,B)+ad In(x) - In(x) +
f(X,%X2 e, Xn; 6) _eXpL,BZIn(l—xi)—Zln(l—xi) ]
=exp(~ nin B(a,B) + aXIn(x) + BXIn(L - X))

xexp(-XIn (%) - In 1~ %))

= exp(pu(a) X K1) + p2(B) T Ko (%) +na(a, B)) x exp(¥ S(x))
= 2 K1(Xj) = 2 In(Xj) and 2 Ko (Xj) =2 In1 - Xj)
are minimal suff est for a and S respectivdy

Ex: In a rss. Find minimal sufficient estimators for, o2 from NE@ , 02).
Sol:

X ~ N(8,0%)
1 -—Lo(x-0)?
f(X;@,O‘Z):\/iZeZU , —00 < X< o
2mo

2 1 _2;2()(_8)2
f(x;8,0°) =exp|In e
J2mo?

= exp[—éln 2mo?) - (Xlz_af)Z)

1 ) X2 x 6?2
=exp| —ZIn(2no°) - ——5+ -
p[ 5" ( )" 202t 2 202)

f(x;6,0%) = eXp(pl(ﬁ) Ki(X)+ p2(0%)K,(x) +q(8,0%) + S(><))

23



In a rssr;

2 , 2
f (X, X2 0o X3 6, 02) :exp{—gln(ZmIZ) _ 2% + 02.% _ne ]

20’2 0’2 202

= exp(pl(H)Z K1) + p2(0) T Ko (%) +na(6,0?) )x exp(> S(x))
=0 > X; and zxiz are minimal jointly suff est for &, azrespectivs/.

4. Completeness

Let f(x ; #) denote a family of probability density functidat u(x) be a continuous function
of (X), then if [E{u(X)}= O] implies (u(x) = 0) at each point of (X) we say that the family
of p.d.f. is complete.

Note: If the range depends énthen we use the general rule to derivative afgrdil;

b(8)
Let G(6)= [ f(x;6)dx ,where f:is any function

a(6)
0G0 _ "D af(x:6)
—= ] g Ux+ f(b(8), ) xb'(8) - f(a(8), 6)x a'(6)

08 a(6)

Ex: Let X be a random variable frorh) Bernoulli dist. 2) Poisson diSt 3) Normal dist.
Show that the family of X is complete.

Sol: 1)

1) X ~ Ber(6)

f(x;0)=0*A-6)"* ,x=01

Let u(x) be a continuousfun of X.then

E(u(X)) =0

E(u(X)) = i u(x) f(u;6)=0
x=0

=u(0)a-9"°+upda-6tt=o0
=u(@-6)+u@®e=0

~0%0

Ou@) =u@® =0 = u(x)=0 Ox

[Ithe family of X is complete

5) Uniqueness Estimator (M.V.U.E)

Th: Let Xy, Xy, ..., X, be a rss from a dist with p.d.f.f(x ; 8), let Y, be asufficient estimator
for 6, and let g(y, ) be complete if there is a continuous function of; ¥vhich is an

unbiased estimator ford, ¢@) such thatE(¢(8)) =8, then ¢(@)is the unique best
estimator for ¢ (M.V.U.E).

Note: If an estimator does not complete then we do imotthe unique and if have complete
then we find a unique estimator.
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Ex: Let X be ar.v. with p.d.f,;
F(x0) == | —@<x<@ ., 650
260
Show thaf(x; #) is not complete? If it is then find the uniquéreator foro.
Sol:
the range depent on 6.
Let u(x) be a continuous fun of X. then ;

E(u(x)) =0 , u(x) =0

a
E(U(X))= Ju(x) f(x;8)dx =0
-6
6 1 3 N
=3 _jgu(x)ﬁdx =0 } x 20
= ?u(x) dx = 0
-6
b(8)
Let; G(@) = | f(x;8) dx , Where f :is any function
a(o)
G (8) _ b@ af (x:;0) , < _ , < A
Y agg)iae dx + f(b'(8),8 )x b'(8) - t(a'(8),8)x a'(8)
o 1 dx = 0
= ﬁ_jgu(x) X =
S (09U g rue)A) - u(=8) (-1) = 0
s 06

= ?(O) dx +u(d) +u(-6)=0
-
= u(f) +u(-6)=0

If u(fd) = —-u(-6) is odd function
If u(d) = u(-8) is even function
u@) #0

O f(x; &) is not complete
f(x ;@) is not complete then there isn 't has the unique estimator

Ex: Let Xy, Xp, ..., X, is a rsa from Gamma distI'(4, §), 0<8<o, 1) Show that
Y =) Xjis a complete sufficient estimator fér2) Find the unique continuous function of

Y which is the best estimator f6r(M.V.U.E).
Sol:
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X~ (46 = f(x 8 =——x%e¥? x>0 ,6>0
r@e

1 _
— XSE x/ 8

66"
"+ therangeof X doesnot dependon &, then weuseexponential familyto provesuff.

1 —x
f(x; )= ex;{ln{@ xe /e}j = exp(ln(l) —In(6) —4In(6) + 3In(x) - gj

- exp(— IN(6) — 4In(8) + 3In(x) - ?2)

In arssn

T C ) =exp(—n|n(6) — 4nin(6) +32In(xi)—%j , 3>.In(%) =|n[|£| &3)

i=1
0 £ (%,--%:6) =exp(na(6) + p(8) LK (x) + X S(x))
SKX) =YX, , p(e):—;i . >S(%) :In[ﬁx""] , Nq(8) = -nin(6) - 4nin(6)
i=1
OY =Y K(x)=> X, is sufficientestimator for 6.

1 an-1 .-y/6
X~ (4,0 = Y=SX ~/4n8 |, PH=—" eV’ | y>0
(4,6) > X~ (4n,8) , 9(y;0) Fan e y

Let u(y) be a continuousfun of Y.then;
E(u(v)) =0, u(y)=0

E(u(y)) = JU(y)g(y 6) dy=0

K an-1 ~y/0 —
e dy=0
=10 g )9‘”‘ Y Y

WI (y) y*"te P dy=0 }x/(4n) 6™

= Ju(y) y*""te ¥V dy =0
0
y4"~1 £ 0 (never ) L, e V9 20 ,=> O u(y)=0

g(y; @) is complete

X~ (a,B) = E(X)=a pB ,V(X)=ap?
X ~7(4,0) = E(X)=460 ,V(X) =467
Y=Y X,~/(4n,0)

E(Y)=4n8 } +4n
= A ~ 0éd=""is MVU.E. for .
4n 4n
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Ex: (Functions of Parameter): Let X;, X, ..., X, denote a random sample from a tist
which is Ber(1,6), find the best estimator for the varianng1 — ) of Y =) X;
(M.V.U.E).

Sol:

X ~ Ber (1,60)

Y =3 X ~ Bin(n,8)

E(Y)=E(XZ X;i)=nE(X)=né

:E(%jze 3D<9A:YFiSM.V.U.E. for 6.

But the required isV(Y)=n8(1-8)

2 2
n n n

n

:ng_V(Y)"‘(E(Y))Z o - ne@-6)+n26?2
n n

ne - ng -nd2 +n2g? _ n?26 -n@ +nd2 -n2g2
n n
_ néd(n-1+86-n8) _ ng(n-1-6(n-1))
n n
_ nH(n—i)(l—9)=n0(1_0)(nr:1)

0 E(Y{l—i} =no@-6)n-Y }x
n n n-1
nY(l—Yj
E N 1=neq@a-ao)
n-1
A A nY(l—Yj
= nd (L -6)-= N/ is MVU.E. for Y =3 X;

n-1

The Rao- Cramer Inequality
Let X3, X,, ..., X, be a rss from a dist with p.d.f.f(x ; 8), and letT = u(Xy, X5, ..., X,) be an
unbiased estimator fag(6), then the variance df satisfies the inequality;

V) = PO _(@©Of _ (#6))
=(81n f(x;6) 2ovar®) (9% In f(x:6)
" ( 00 ] 06°
Notes:
1)
2
(6((98))) Is called Rao—Cramer Lower Bound (RCLB) (Minimumvariancebound(MVB)

2) If T unbiased estimator féx E(T) = 6,
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¢0)=6 - ¢O)=1
0 LRCLB:LJ
V(S)

3) In normal distribution case, we apply the secomditaeasier.
4) We do not usen in case using the likelihood function in law.

6. Efficient Estimator

Def™: The ratio of the RCLB to the actual variance of anbiased estimator féris called
the efficiency;

_ RCLB
V(T)
if eff =1 = T is called efficient estimator for &.

, O<eff<1

Def™ Let T be an unbiased estimator (&) , then we say thal is an efficient estimator
for 0 iff;

V(T) = RCLE
Ex: Let Xy, Xy, ..., X, be a rss from Poison distPoi@), if T = X is an efficient estimator for
o) =6.
Sol:
X ~ Poi (6)
f(xa):e_gex X = 0,1, ..
X !
n f(x;86) = - 6 + x In (8) - In( x!)
0 In f (x;68) _ 1+x_=x—6?
P 0
02 In f(x;6) _ _ X
o 6 * 6
_ e 32 In f(x:86) _ E (X)) _ @ _ 1
3 6 2 - 6 2 9?2 6
a2 | f . 6
p(8) = 6 - p'(6) = 1
RCLB . (@e)) _ 1 _ 8
V (S) n n
)
V (T) =V (X)
v (X V (X)) 0
n n
7 RCLB =V (X)) =N eff = 1
7 X is an efficient estimator for @ (0) .
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Ex: In a rss from N(4, ). Show that;
1) If T =Xis an efficient estimator fog(6) =6.

v\ 2 v\ 2
2) g2 = 206 =X or g2 _ Z(X = X) is an efficient estimator fag g?) = 2.

n n-1
Sol:
1) X ~N(@@, 02
_i(x_g)z
a2 1 202
f(x;60,0°)=———— e , —0<X<00
27102

In f(x:0,02) = —%In @2710%) -—(x-6)?

20

. 2 -
d0In f(x;6,0 ):zer0+ 2 (x - 6) _X 6

06 2072 o’
0% In f(x;6,0%) _ -1

9 6° o2

2 . 2
_nEa Inf(x,zﬁ,a) =12:V(S) - F

00 o

no)=6 - ¢g6)=1

rolg= @OF - 1 _o?
V(S) nig? n

V(T) =V(X)
2
n
— g2
0 RCLB =V(X)=T , = eff =1

0 X is an efficient estimator for ¢(8) = 8.

Mean Square Error (MSE)
One way of measuring the accuracy of an estimataiai its mean square error. The mean square
error of an estimatog is defined as:

MSE () = E(d - 8)% =Var (8) + b2 ()
Note: If é is unbiased estimator férthen; MSE(@) = Var(é)
Relative Efficient Estimator
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Let 91 and 92 be two estimators for parameteof f(x ; 6), the relative efficient oél relative to
672 is given by:
R.EfF .(6,]6,) = WSE (O _ 4
MSE (6,)
i.e, MSE (8,) < MSE (6,)
[ 671 is more efficient than 672.

EX: In a rss2 from Bernoulli disBer(), let T, = X; andT2 _ 2 Xi be two estimators for parameter
n+1

6, show that which of them more efficient.

Sol:
E(Ty) = E(Xq) =6 unbiased

_g[ 22X )N _
E(T2)—E(n+1j—n+lE(X) , when n=2

E(T,) = 2 6 biased

b(T) = E(p) ~6=26-6=""

V(T) =Var(Xy) = §(L- 6) = MSHT))
1

V(TZ) - (n + 1)2

MSE(T,) = V(T,) + b*(T,)
_20-26" 6°_20-06

9 9 9
<6@L-06

20 - 262

—71 :g - =
Var(ZXi)—(rH_l)2 nVar(X) 96?(1 6)

20-6°

00 MSHT,) < MSHT,)
= 0 T, is more efficient than T,.
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