Estimation Theory

Department of Statistics & Informative
Fourth Stage

Second Semester (2023-2024)
Le. Zainab A. M.

Contents of the Second Semester

Chapter One

Methods of Point Estimation

First: Maximum Likelihood Method — Properties of (\VE.)

Second: Moments Estimation Method (M.E.M)

Third: Least Square Method (Minimum Variance Meth@d.V.M)

Fourth: Bayesian Estimation Method (B.E.M)

a) Non Informative prior probability (Jeffery’s rule)

b) Informative prior probability

Chapter Two

Interval Estimation (General Concepts and Defingi)

1) Confidence Interval for Means when the Variand€nswn

2) Confidence Interval for Means when the Varianddng&nown

3) Confidence Interval For Difference Between Two Mea

4) Confidence Interval For The Variance

** Same References as First Semester

References
1. Introduction to Mathematical Statistics, 5th edition; By Robert V. Hogg and Craig,1995.
. Introduction to Probability Theory and Statistiteflerence, 8 edition; By Harold J. Larson, 1982.
. Statistical inference / George Casella, RogerdrgBr.-2nd edition 2002.
. Principles of Statistical Inference, D.R. Cox, 800
. An introduction to Probability and Mathematicaaftstics, Rohatgi, V.K. , 1976.
. Theory of Point Estimation, E.L. Lehmann Georgedlia 2nd edition 1998.
. Statistical Distributions. Merran Evans, Nicholastings, Brian Peacock’3
Edition, 2000.
7. Mathematical Statistics. Ferguson, T.S. 1968.
8. Statistical inference. Silvey 1973.
9. Bayesian Inference in Statistical Analysis. Box diro 1973.
10. The Theory of Statistical Inference. Zacks, S.
11.Introduction to Probability and Statistical Inface. George Roussas 2003.

12. Probability and Mathematical Statistiddrasanna Sahoo 2013.

~NOoO Ok, WN



Chapter One

Methods of Estimation

First: Maximum Likelihood Estimation (MLE)

Let Xq, Xy, ..., X, be a rss from a dist with a p.d.f.f(x;0), the joint p.d.f. of X;, X5, ..., X,
denote L) is called the likelihood function, and the valoé § which maximizes the
likelihood function is called Maximum Likelihood f®ator (MLE) for 6, or the m.l.e is
solution of:

= L(Xy, Xy yeeey Xy
= I_| f(x,;8)
=1
0In L(F) _ 0 . with 0° In L(8) <0
048 96°?

Note: If the second derivative less than zero that weeentaximum
The Steps of Maximum Likelihood Estimation

1) Find L(Xq,X2 .aXn:6) = L(X;0) = |E| f (% ;0).
i=1
2) Find In(L(x;0)).
oIn(L(x;6))
06

4) Find 6.

3) = 0,

Ex1: Let X, X, ..., X, denote a random sample from Bernoulli t&er @), find the m.l.e foo.
Sol:

X ~ Ber(p)
flx;0) = 6*(1 — 6)t—* x=0,1

« X's are indep.
L(Q) = f(x1;x1; ey X1 9) = Hf(xi;e)
— szi(l _ Q)n—zxi
InL(0) = 2x;In(6) + (n — 2x;) In(1 — 6)

dInL(8) Xx; n-—2Xx; dInL(6)

0 6 1-0 ’ oo "
Zx; n-—2Xx;

6 1-9

(1-0)2x;— 0(n—2x;) 0
6(1—0) B




Ix; —0 Xx; — nfB + élxii =0
Ix; — nf =0

~ A~ _ XX IV
2x; = nb Omie = n X

0°InL(6)  Zx; n-—2Zx

90? 2 " a=oe ="

~0 = X ism.l.eford.

Remarks:
1) The m.l.e.d is a function of the sufficient estimator.
2) The m.l.e.6 is not always unbiased estimator for

Invariance Property of the (m.l.e)
In a rss from a dist with p.d.f.f(x;0), let 6 be a m.l.e. for the paramet@randu(d) be a

(one-to-one) function o4, then u(é’) Is a m.l.e. fou(d).

Ex1: In a rss from exponential diStExp(1), find the m.l.e for:

1) u(6) :g 2) Uy (6) = '”;‘9)
Sol:
X ~ Exp(L/6)

f(x;0)=6¢e %%, x>0
n _ .
L(6) = [ f(x:6) = 6Me FX
i=1

In L(8) =niIn(8) -8 > X

onL®) _n_5, 9In L) _,
26 2 06
n n A n 1
S =0 — = i 0= - <
g 2N TN TOTYN X
2 _ A
0° In ;(5’): 2” < 0 =06 ismle for .
06 6
1
~ 1 1 - - _ In(d) In(;() il L
1)u1(9):§:T:x up(f)=—F%== 1 :Xln(ﬂ
X X

Ex: Let Xy, X, ..., X, be a rss from normal dist N(9, 02), find:
1) m.l.e for paramete@andc®.

2) If S%is m.l.e. fore?, then find m.l.e. fob.
Sol: 1)



X ~N(@, o)

1 (x-9)?2
2 1 202
f(x;0,0°)=——— e ) TS X<
27102
N _ 1 v(y —m2
, . 1 2022(X| 0)
L(B,0%)=T]f(%:0) =| —| €
i=1 202
- Ly -9)?
= @m "2 (622 e 29
1) For 67
1
InL(@,0%) = -"in(2) - in(o?) - = 8)°
(8.0%) = -2 In(27) -2 In(0%) = =% (x - 6)
3 In L(6,02) 2 2(64-0) _2x-no
= zero - zero - i —0)(-1) = ' ==
Y 2022(. ) (-1 o2 o2
o0In L(8.0%) _,
046
ZXiO__Zne:O :in—ngzo 32xi:n6’ :>ém.l.e:ZnXi:X
2 2 —
aInL(f,a): 2<0
046 o
O &=xismle for 8.
2) For 0?2
2 . — 6)? i - 6)?
9 In L(Hz,a ) = Jero - n_ +22(x.4¢9) =-_n 4 2 (X 49)
00 20 4o 20 20
_-nol+3(6-60)? _
20"
-no?+3(x -6)?=0 = no’=3(x -6)°
:> 62=Z(Xi - 6)2 _ 2 (X - X)? Y
n n
LolnL@,o® __ n _¥(x-6)> } x 20?2
' 9 o? 20° 20¢
) _ o
RN > MY CNTOR s noz = (2x—0)2
0_2 o2 _
, 5 2 2 => GZ_M—SZ
< In L(@,U)zzero_Z(Xi‘H) __2(x - 90) <0 - B n .
6(0.2)2 0'4 0'4
0 S?ism.l.e for o2
2)
u(o?) = u(d?)
u(az):\/?=0

u(@zzsz):@:\/mzs
n

O Sis mle for o



Second: Moments Estimation Method (MEM)
Let Xq, X5, ..., X, be arss from a dist with a p.d.ff(x; 6), the average value of th& powers

Z

of (X, Xor ..., Xo); My = is the K'sample momentM, = E(X") is the K" population

moment about origin. The moment’'s method estimigttre value of the unknown parameter
6 that makes:

mk:I\/Ik

Ex1: Let Xy, Xs, ..., X, be a rss from normal distN(8, ¢%), estimatehe parameter§ ando?
using moment method.

Sol:
mg = My
k

me = 220 My = B(xK)
mlzznxi = M;=E(X)=286
mlel
LXi_g =06 = X
n

Y X7 2
my = S——— = My =E(X?)

Mo, =E(X?)=V(X)+ (E(X))?=02+867?

m2:M2

2 _
le :0-2+X2

2 _
0 g2 = 2 Xi _YE(in—x)Z_SZ
n T

Ex2: In a rs& from a dist with p.d.f; f(x;8)=(0+1) x? , 0<x<1, estimatethe
parameter) using moment method.

Sol:
me = My
k
X.
me=Z20 My = B
= 2 X
M=y
M = E(X)
x0*2
E(X)-jxf(x&)dx jx((9+1)x dx = j(0+1)x9+1dx—(9+1) ‘ +1
0 0 0 2‘ +2
0
m =My
LA O*1 g Ot gr)X=0+1 > AKX +2X=6+1
n 0 +2 0 +2

60X -6=1-2X =0X-1)=1-2X
1-2 X
X -1

5
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Third: Minimum Variance Method (MVM)
Let L(0) be the likelihood function of a rssn with p.difx;0), then the parametet has

minimum variance unbiased estimator (m.v.u.e.} isipossible to expre{saa—g In L(H)jin

the following form;

9 L(8) = 9-9
06 V (6)
Where; 4: is (m.v.e.). : ¥(: is variance ob .

Ex1: In a rssnfind m.v.e. for the parameters dfy Ber@). 2) N(0, ¢?).
Sol:
1) X ~ Ber (6)

f(x;0)=0%1-6)+* x=01
L(6) = |-n| f(x:;6)=6%% 1-g)" 2%
i=1
INL(B) =Y % In(@) +(n-3%)In1L-86)
2lnL(&) :in _n-=XX _ A-6)2 x5 —-06(n-2x%) :in—Hin -ng+ 8y x

EY 6 (1-6) 6(L-6) o(L-0)
:ZHXi L
-6
_x-6 _6-6 A= S — V(X)_6@1-06)
= =2 =X , V@O =V(X)= =
00-6) V@ @) =ve) == ="

n
0 X is mve for @,

Fourth: Bayesian Estimation Method (BEM)

Philosophy: Observed data X is fixed, and the unknown geneggtarametet) is random.
(Certainty abou® depends on both empirical information X and pkioowledge about).

In Bayesian estimation method the parameters traatsa random variable with prior
probability p@), or we have prior informative about the paraméter

Let A and B be two events, then the conditionabafunlity of A given B is;

o(A|B) = P(AB) _ P(BIA) p(A)
P(B) p(B)

Let; A =6and B =x, then in a rssn with p.dfi’x;d) and prior probability #);

p@ 1% =2*19
p(x

p(X) does not contaifi, we can write it as;



p(&[x) O p(x]6) p(6)
0 L(6) p(o)
Where;
p@ | X): is called posterior probability and Bayes est'[majenoteéBay% is the mean of

posterior probability E{| X).
L(6): is likelihood function.
p(®): is prior probability.

We have two types of prior probability:
1) Non Informative prior probability (Jeffery’s rule)
2) Informative prior probability.

First: Non Informative prior probability (Jeffery’s rule)
It is proportional to the square root of Fisheommfation;

p(d) D(1@M> 1= FlL.

Ex1: Find Bayes estimator for parameter bf;Ber(@). 2) Poissonf), using non informative
prior probability.
Sol:

1) X ~ Ber(6)
f(x:0) =@ @L-6)
p(@[x) U L(6) p(6)
L) = 62* (L-8)" "

p© 0.6 Fd=- E("Z n ;(}iﬁ)j
In f(x;8)= xIn(@) +@L-x In 1L-6)
0lIn f(X;e):ﬁ_ﬂ

26 6 1-6
0%In f(x;0) _ -x_ 1-x

0 6° &  (@L-06)
. E(az In f(x;e)j _E(X) , E@-X)

08" o a-oy
_EX) L 1-E(X) 1, 1 1

&  (1-6° 6 1-6) 60-0)



1 1/2
Py D [9(1— 9)]

Ne Y2 q- g2
p(6 [ x) O L(&) p(o)
0 gin en-in QY2 (1 _ 8)—1/2
0 Xt a- )2

1

0’—1=in—§ :a:in+%

ﬂ‘lZH—ZXi—% = ,B:n—in+%

POIX ~Beta@ =Y x +5, f=n-Fx+)
When; X ~ Beta(a,B)

f(X;a,ﬂ): r(a +ﬁ) Xa'—l(l_x)ﬂ—l , E(X): a
M(a) I'(B) a+p
then the complete p.d.f. of the posterior probability is;
MNn+1 x -1 h-vx -1
P& 1) = <o 6V -y
I X +—|In- X + =
(x-S
_ A . a
O E@| X,,..., Xn)—BBay$—a+IB
1
:ZXi +§:ZXi 1
n+1 n+1 2n + 2

Second: Informative prior probability
The form of prior probability for parameters of soutist as follows:

ID Probability Distribution Informative Prior Probability
1 | Bernoulli ~ Ber() Beta ~ Betaly, f,)
2 | Binomial ~ Bin(n §) Beta ~ Betal,, /)
3 | Geometric ~ Ged)) Beta ~ Betaf,, /)
4 | Poisson ~ Poll) Gamma (o, £o)
5 | Exponential ~ Exp(H) Gamma ~(ay, £o)
6 | Exponential ~ Ex#) Inverse Gamma F (o, f,)
7 | Normal ~ N@, 6°) (9 known) | Inverse GammaF-"(0y/2, 4/2)
8 | Normal ~ N@, 6 (6 known) | Normal ~ N@,, +2)




Ex: Estimate the parameters of; 1) Geof)). 2) Poissond). 3) Exp(@). 4) N(0, ¢°) (0

known) and ¢* known)., using Bayesian informative prior probpil
Sol:
1) X ~ Geo (6)

f(x:0) =8@- 8)*
PO | X{, X5 ...y, X)) O L(G) p(O)
L(g) = 6" - 6)>"
p(€) ~ Beta (a, , B,)

_ (aog+ Bo) pag-1 Bo -1
p(f) = - g0 (1)

M(ao) I'(Bo)

0 6% 11 - g)Pol

DO | X4, Xg .oy Xy ) OO L~ )25 g90 71 (1~ )P0
1 @@ +m-1 (1- 9)(2Xi +Bo)-1

P(O 1%, % 1o X)) ~ BetA(@ = o +n, B = Y% +fo)
The complete p.d.f. of the posterior probability is;

[] p(9|X1,X2,...., Xn) —= r(ao_l_n)r(zxi +:BO)

a _ a,+n
a+pf  agtn+3X X +p,

U EG| X) = éBay& =

Ma,+n+Yx +4,) pla0 M1 (g _ g)(TXi +£o)-1



Chapter Two

Interval Estimation

Definition:

In a rssn taken from a diswith p.d.f.f(x, 6), let L; and L, be two statistics, then
the confidence interval (Cl) of parametgis;

p(ly £8<Ly)=1-qa
With 100(1 —a)% confidence coefficient, wherej:Lis lower confidence limit.

L,: is upper confidence limit.
Confidence Interval (CI)

1) Confidence Interval for Mean (When the Variance is known)
Let Xy, X, ..., X, be a random sample from a population with unknév\ﬂmd known variance

o7, then the sample meax is distributed with mean and the varlanc& andz = z/ f
has standard normal distr: X ~ N(, o’ )
n
X -6
p<_Za/2— 0_/\/% = Za/2> 1-«a
p(X - za/z% <X+ za,z%j =1-a
or;
(Ll =X —2p/0 L Ly=X + za,zij is 100(L—a) % C| for 6.
Jn Jn
Note
a=5% -1-a=95% = Zygos =196
a=10% - 1-a=90% = Zgos =1.645
a=1% > 1-a=99% :>Zo_005=258
=2% -1-a=98% = Zgp; = 2326
2) Confidence Interval for Mean when the Variances unknown
Let X3, X5, ..., X, be a random sample from a population with unkn@ivm@and unknown
variances?, we have two cases:
X -8

a) If a sample siza > 30,z = then:

S/+/n

p(x _Zalz\/sﬁ <@ <X+ Za/zJSﬁj =1-a
or;
(lex—za,zS Ly =X - za,zsj is 100(L.-a) % C1 for 6.
Jn Jn

10



b) If a sample siza< 30 ,T = X-6 has t-distribution withr{(—1) df, then;

S/n
pl-t@r2,n-1) ST Stgran-n)=1-a

[ Yai2,n-1 < X - g<t(a/2n 1)} 1-a
S/+/n

= S = S
IO(X ~Yai2,n-2) 7n < 0 <X +1g/2 n-1 ﬁj =1l-a

Ex: A rss(50) taken from normal population with meénand variance®, and & =5.67,
S =1.94). Find (95%) confidence interval (ClI) for

Sol:
1-a=9%%
1-a = 095 , a= 005 , Zg 2 = Zpo2s = 196
3 o
X -2z 6<X+z — | =1-a
( 0’/2\/— 0’/2\/ﬁj
194 194

567 - 196— < 8 <567+ (196 =1- 005

( (1.96) 756 ( )\/_oj

p(567-0538< 6 < 567+ 0.538) = 095
0 (5.132< 4 <£6.208
3) Confidence Interval for Difference Between two Mans
Let X be a sample mean for a rssn from a normal populatith meanuyx and unknown
variancea>2< andY be a sample mean for amfsom a normal population with megm, and

unknown variancef\%, then:

2 2
< “4 i %
~N(ux,TX) , Y~N(ﬂv,ﬁ)

2 2
(X =)~ N ( ﬂv,axﬂan

5 = (X=Y) — (ux = i)

2 2
IX +9Y
n o m

P(-=ZgpsZ<Zyp2)=1-a

(X =Y) = (ux = Hy)

Pl = Zgy2 < 5 5 <Zgpp|=1l-a
ox ., oy
ZA 4 70
n m

2 2 2 2
X —Y o % > O o Jo)
(X =Y)=Z4/2 X"'iYS(,UX_/JY)S(X_Y)_Za/Z X+Y]:1_a

®)

n m n m

11



Ex: Let X be a sample mean for a rss15 from a normal popnlatith meanuyx and

known variancea>2( = 60 andY be a sample mean for a rss18 from a normal pdpnlatith

mean 4 and known variancer = 40, we find that(X = 70.1) , (Y = 753), find 90% ClI

for (Lx — tv).
Sol:
a=01 % = 005 . Zg/2 = Zoos = 1645

X-Y=701-753=-52

2 2 2 2
X -Y ox , & Y _ v ox | O
P(X=Y)=Zg2 \/TX"'FYS(IUX — ) S (X =Y) = Zg )2 —g( +FY]:1—0/

60 40 60 40
~52-1645 |+ —< (uy - f&y) < -52+1645 |~ + " |=1-01
P 15 " 18 = (X T ) 15 18]

p(-9.303< (ux — ) < —1.097) = 09
(-9.303< (ux — ty) < —1.097)

4) Confidence Interval for the Variance

Let Xi, X5, ..., X, be a random sample from normal population withnawkn mean, and
unknown variance, then;
_ 2
X2 = % is distributed as x2 with (n - 1) d.f.
o
2 < v2< 2 —1-g
g XQ, naa s XS Xl—Q, n —1]
2 2
2
n-1S
T ST R
2" g 2"
1 o? 1 _
Pl — > 5 > > =l-a
Xq . (=08 x*,
E' n E, n
_ 2 _ 2
P(n2 ) S sazs(nzl)s —1-
Xl—g, n-1 Ya n-1
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